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Big Picture for this Talk



The Motivating Example

How do we differentiate the subsets X and Y using persistent homology?
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Six Point Cloud Examples
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Figure Credit: Tom Needham (FSU)



Conflict and Resolution: Enriched Topological Summaries

The Challenge: Persistent homology alone cannot distinguish these.

The Solution: Enriched topological summaries (ETS), such as decorated merge trees, knit
together connected component (7o) and homological information.
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The broader research program here is to

1. use ETS to study the inverse problem in persistence to “count” different data sets, and

2. equip ETS with (stable) metrics to provide improved data classification tools.



Decorated Merge Trees in Action



More Point Cloud Examples
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Figure Credit: Tom Needham (FSU)




Cycle Localization

Our DMT algorithm provides cycle localization for free!
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Cycle Localization in Image Data

Figure Credit: Tom Needham (FSU)



Discrimination for Takens Embedding
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Persistence for Components



We begin by studying the most basic persistent topological question:

How do we track mg of a filtration?



Sub-level Set Filtrations

Let f : X — R be a function. The sub-level set filtration of X by f is

X<i = fY(—o00, t] where X< — X< whenever t<s.

More generally we can define a topological filtration or persistent space to be a functor

F:(R,<)— Top t < s~ F(t) = F(s).



Persistent Path Components

One way to study a sub-level set filtration is by studying path components:

XSt — ng ~ 7T0(X§t) — 7T0(X§5).

For nice functions we can visualize this with the merge tree.

Merge Tree
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Decorated Merge Trees



The (Cartoon) Solution

The decorated merge tree should serve as a minimal, stable signature that distinguishes these.

2L

X DMT for X
versus

Y DMT forY

2L L
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—>
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Parameterizing by Components

If f: X — Y is a continuous map of (locally path connected) spaces, then we can always

F=ufi: || Xi— || Y

i€mo(X) Jjem(Y)

express it as
This then induces a map
o1 - @ Hi() ~ D Hu(¥)
i J

Let's leverage this into a categorical observation.
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Parameterized Objects

Definition
An l-parameterized object is a functor / from a set S € Set, viewed as a discrete category,
to a category C, i.e. [: S — C.

Consider | : mo(X) — Top that sends i € m(X) to the component X; C X.

Definition

A morphism from an /-parameterized object in C to a J-parameterized object, written
J: T — C, consists of a map of sets m: S — T and a natural transformation
a:l=Jom=:m*"J.
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The Category of Parameterized Objects

This allows us to define a new category.

Denote by pC the category of parameterized objects in C, whose objects are functors
| : 1 — C for some set | € Set and whose morphisms are natural transformations
a:l=Jom.

dV \O/F‘Jroduct

Set C

14



Refining a Topological Filtration

Now that we have a category, it is easy to define functors to it.

Any persistent space of locally connected spaces F : (R, <) — TopIc has an associated
persistently parameterized space F where F is naturally isomorphic to the composition of
functor cop o F

(R, <)

o
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Refining Persistent Homology (DMTs v1)

Composition of F with the homology functor H, : pTop — pVect yields the (categorical)
decorated merge tree in degree n, written F,, making the diagram commute, up to natural
isomorphism.

(R, <)
I
oo F pVect [OlF
A cop
Set Vect

o
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Revisiting Our Example

The decorated merge tree should serve as a minimal, stable signature that distinguishes these.

2L
X DMT for X
versus
Y DMT forY
2L L
c Ch
R
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Non-Isomorphism in our Motivating Example

Definition
Two parameterized objects / : S — C and J : T — C are isomorphic if there are set maps
m:S— T and n: T — S and natural transformations o : | = m*J and 8 : J = n*/

satisfying

m*Boa=1id; and n*aofB =id,. In particular, nom=ids and mon=idr.

Our motivating example reduces to the consideration of these two objects in pVect:

K 0 kK k LS B/,
I J ] k NOT ISOMORPHIC!
I 1 l I * | / l
X y a b x N\ A x
S T m*))(x) m e n (n*I(a)
a
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Remarks on the Categorical Definition

Pros:

e If F denotes the offset filtration of X and G denotes the offset filtration of Y, then we that
E, 2 G, even though H,o F =2 H,oG.

e Jumping ahead and recalling that e-interleavings give a notion of approximate
isomorphism, we can define interleavings of DMTs easily. Moreover,

Corollary

Merge Tree Interleaving Distance < Decorated Merge Tree Interleaving Distance

Cons:

e Ease of theorems comes at the expense of abstraction.

e Not immediately obvious how barcodes actually “sit on top of” the merge tree.
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Maps to Barcode Space



Poset-Theoretic Perspective

Associated to F : (R, <) — Top is an associated merge poset

Mg = | mo(F(t)) x {t}

teR

(x11r)

Principal Up Set at ([x,],r)

([V1]'5)

(Ix2],r) ([z].t)
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Restricting a Persistently Parameterized Space

Given any point p = ([x], r) € Mf, we can restrict F : (R, <) — pTop to the up set U, to
obtain the persistent space from p, written /:'\Up.

The assignment to each p € Mg the barcode of the restricted persistent homology module
BC(I:_|UD) defines a map
Br : Mg — Barcodes

This is our poset-theoretic decorated merge tree. Note that whenever ([x], r) < ([y], s) we
have that Br(q) = Br(p)

[s,00)-
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Two Versions of DMTs Compared (Not Unique!)

w

B, (w) { e BGY(W)

v v v
Pushforward Pushforward
BTTI (V) Barcode to R 3?1 (V)
Barcodes “viewed” Barcodes “viewed”
fromvand w from vand w
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Stability for DMTs



Warm-up to Interleavings

Definition
Given a functor F : (R, <) — C, we can define it's e-shift to be the functor F¢ where
Fe(t) = F(t +€), i.e. F° peaks e-time into the future of F.

Think of F€ as the e-offset of F, just as we considered X, to be the offset of a subset X C R".
Definition

Note that we always have a natural transformation from F to its shift.

ng: F= F° where ng(t): F(t) = F(t+e) is F(t<t+e)

You can interpret this as F always “includes” into F€, just as X C X..

We now wish to reverse-engineer this analogy with the Hausdorff distance between two
subsets X and Y, where

dy(X,Y) :=inf{e| Y C X. and X C Y.}.
23



Interleavings

Definition
Two functors F, G : (R, <) — C are c-interleaved if there are natural transformations
w:F= G°and 1 : G = F° such that

Pop=nF and oy =ng.

Given two functors F, G : (R, <) — C, we define their interleaving distance as
di(F,G) =inf{e > 0| F and G are e-interleaved}.

This defines an extended pseudo-metric on the category of functors Fun(R, C).
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Interleaving Distances

e For C = Vect this defines the interleaving distance between persistent homology modules
d; (cf. Chazal, Cohen-Steiner, Glisse, Guibas, & Oudot).

e For C = Match, the category of sets and partial bijections, this defines the bottleneck
distance dg on barcodes. (cf. Bauer& Lesnick).

e For C = Set, this defines the interleaving distance dy1 for merge trees (cf. Morozov,
Beketayev & Weber).

e For C = pVect this defines the interleaving distance dpp1 for decorated merge trees (C.
+ Hang, Mio, Needham & Okutan).
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Stability

Hausdorff Stability (CC-SGGO ’'09)
As one can imagine, if X and Y are e-close in the Hausdorff distance, then their persistent
homology modules of their off-set filtrations are e-close.

L°° Stability (ibid)
Moreover, if f and g are functions that are e-close in the sup norm

If = &lloo == sup{|f(x) —g(x)| | x € X}

then the sublevel-set filtrations will be e-interleaved and their persistent homology modules
will be e-close.
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L*> Stability and Bottleneck Distance (C-S, Edelsbrunner and Harer ’05)

Functions

Persistence Diagrams ‘

60—

Bottleneck Distance
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Decorated Bottleneck Distance

e-matching of Barcode Decorated Merge Trees
Given two barcode DMTs

B : Mg — Barcodes and B¢ : M — Barcodes

we define an e-matching of B and B to consist of

e an c-interleaving of the underlying merge trees Mg and Mg, along with

e an e-matching of the barcodes Br(x) and Bg(¢(x)) for every x € Mg and an e-matching
of the barcodes Bg(y) and Br(i(y)) for every y € M.

We define the decorated bottleneck distance to be

dps(BE, Bg) := inf{e | Bf and B¢ are e-matched.}
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Distance for Functional Data

Interleaving of R-spaces (cf. Frosini, Landi & Memoli)

An e-interleaving of R-spaces f : X — R and g : Y — R is a pair of continuous maps

®: X — Yand V:Y — X along with homotopies Hx : X x [0,1] — X and

Hy : Y x [0,1] — Y connecting the identity maps idx and idy with W o ® and ® o ¥,
respectively. We require further that the following four properties hold for ®, W, Hx and Hy:
1. ®(X<s) C Yesqe forall se R

2. U(Y<s) € X<sqe forall s e R

3. foHx(x,t) < f(x)+2¢forall x € X and t € [0,1]

4. goHy(y,t) <g(y)+2forally €Y andtel0,1]

Functional Interleaving Distance
The functional interleaving distance between R-spaces Xr :=f : X — R and
Yg :=g: Y — Ris defined as 6;(X¢, Yg) := inf {€ | Xr and Y are e-interleaved}.
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A Hierarchy of Distances

For R-spaces Xr :=f : X — R and Y, ;=g : Y — R we have the following sequence of
bounds
dut (M, Mg) < dpg(BF,, BG,) < dpmt(Fn, Gn) < 01(Xr, Yy)

N.B. There is no clear relationship between bottleneck and decorated bottleneck distance!
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Thank You!
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