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INTRODUCTION

In this thesis we develop a concrete and combinatoric theory which

parallels that of the derived category of a stratified space, using the

data of a regular cell complex structure on the space.

The derived category was first defined by Verdier [V] and was mo-
tivated by work of Borel and Moore in 1960 [BM]. It has in recent
years come back into focus in a number of branches of mathematics, in
particular in the study of topology of singular spaces. In this set-
ting, one generally has a pseudomanifold X with stratification &,

and considers the bounded comstructible derived category of sheaves on

*

X, %;ﬂx) . This is a category whose objects A  are chain complexes
of sheaves on X with éi = 0 for !i[ >> 0 and such that the stalk
cohomology sheaves giéf , Wwhen restricted to each stratum, are local-
1y constant with finite dimensional stalks. The morphisms are con-
structed by a process that causes chain maps that induce isomorphisns
between the stalk cohomology sheaves gié‘ to become isomorphisms in
the category. The elements of %;(X) naturally occur when studying
singular spaces, and in some sense play the same role that locally con-

stant sheaves play in the study of non-singular spaces.

The purpose of this thesis is to study a derived category that is

constructed out of cellular sheaves rather than ordinary sheaves.

Given a finite regular (W complex structure X on a topological space
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[Xl (e.g., a simplicial complex), a cellular sheaf § on X associ-

ates to each cell O a vector space 5(0) and to each face relation

g <71 a linear map p%
L)

S s
pg’? a %’q = P?,T . If the cell complex structure is subordinare to

oG g(c) - §(T) such that for v <0 <71,

a stratification [# of |X| , then we can form the bounded construc-
tible cellular derived category %;ﬁX) (objects being chain complexes
of cellular sheaves) in the same way that we formed a derived category
from ordinary sheaves., The motivation for

doing this is given by theorem 5.2.4, which states that @;(x) and
Digﬂ(lxi) are, in a natural way, equivalent as categories. Not only
does this give a much more concrete way of describing ;he elements of
SE?!(IX[), but it allows us to use the machinery of cellular sheaves
rather than that of Qrdinary sheaves in studying the derived category,
a theory which turns out to be far more.concrete and geometric in na-

ture. In the first four chapters, we give a completely self-contained

development of cellular sheaf theory and the cellular derived category.

The ideas in this thesis were first developed by Fulton, Goresky,
MacPherson, and McCrory in a seminar at Brown University in 1977-78.
At that time, most of the content of chapter 1 was worked out for a fi-
nite simplicial complex, and the equivalence of the standard and sim-

plicial derived categories was conjectured.

Chapter 1 is concerned with the basic definitions and properties
of cell complexes, cellular sheaves, and cellular maps. The exception

is 1.2 which develops a purely algebraic theory of n-complexes, the




n-dimensional analogues of chain complexes (n*= 1} or double complexes
(n = 2) . The techniques developed in this section allow us to com—
pletely avoid the use of spectral sequences in the paper, and are par-
ticular}y helpful in chapters 3 and 4. One of the major advantages of
the cellular theory is seen in §1.3, where injective and projective
cellular sheaves are studied. These sheaves turn out to be extremely
simple, as well as plentiful, and it is for these reasons that the
cellular theory is as cbnctete and geometric as it is. This constrasts
sharply with the standard theory of sheaves, where there are not enough
projectives, and injectives are too unwieldy to be useful except in a

purely category theoretic sense.

Chapter 2 gives a deveiopment of the homotopy and derived categor-
ies of cellular sheaves. Although done in the cellular setting, little
of the nature of cellular sheaves is used, and the exposition could he
applied to the construction of the derived category of any abelian

category.

Chapter 3 is where most of the standard identities in the derived
category are proved. Although these statements follow Ffrom the equiva~
lence of the two categories and from the similar results in the stand-
ard derived category, the arguments used are of a completely different
nature, relying on the combinatoric and geometric structures of the
cellular cateéory. Usually, proofs 6f identities are shown by con-

structing explicit chain maps between complexes, and do not rely on

general properties of derived categories.
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Chapter 4 develops the theory of triangles in Db(X) , and, simi-
larly to Chapter 2, is essentially a general exposition on triangulated
categories applied to the cellular category. One novel feature of this
section is the use of the techniques of §1.2 in some of the proofs of

standard theorens.

In Chapter 5 an explicit equivalence is given between the standard

‘and cellular derived categories (theorem 5.2.3 and cofollary 5.2.4).

The exposition is no longer self-contained, as some knowledge of the
standard theory of sheaves and derived categories is assumed (for the
most part, though, the facts that are assumed are the exact counter-
parts to the statements proved in the first four chapters in the cellu-
lar setting). All functors defined in the thesis are showﬁ to corre-—

spond to the standard functor with the same name under this equivalence.

Tt should be noted that results similar to corollary 5.2.4 were

acquired independently by Kashiwara in [KI.
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CHAPTER ONE

CELLULAR SHEAVES

1.1. Cell Complexes and Cellular Sheaves

Definition: A cell complex X consists of a topological space

|X| and a decomposition of ]X[ into disjoint open topological cells
{Oi} = ¥ such that if 1X| u {p} is the one-point compactification of
[X| , then {Gi} u {{p}l} are the cells of a regular CW complex
structure on |X| u {p} .

By a regular (W complex we mean one for which the attaching
maps are embeddings. Note that if [Xi is compact, a cell complex 1is
simply a regular CW complex. For a subset of cells A c X,
[A(lg-[X[ will denote thelr union. Also, we will. generally write |G]
instead of ¢ when a cell is considered as a topological space, and
not just as an element of X .

Lemma 1.1.%1: If ¢ amd T are cells of a cell complex X ,
dimt < dimo , then either [o] n [t| =@ or |t] =Tof .

Proof: See R.R.1, section VIII.4, in [CFJ.

If |1} QETEW_, thenr v is called a face of ¢ , denoted by

TSg, 0r T <i o if dimy = dimg - i . 5-E X will refer to the set

of faces of O ; clearly, |0| = (6] . If T <0 and T#0, T is
called a proper face and is written T < O . A cell written as oP
will always be assumed to be of dimension p . We will assume that the

cells of X are oriented and for T <1 o , will define [0:T] to be

+1 if orientations agree and -1 1if orientations disagree.
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Lemma 1.1.2: If o <_ T , then there are exactly two cells

2

< i
Yl’YZ where ¢ <l Yi 1 T . We then have

{Eylzofl[T:Y13+[Y2:c;][T:Y2] =0 .

Proof: For the first statement, see R.R.2, section 11.1, in [CF]
(proof is in section VIIL.4). The second statement just says that the

chain complex computing CW howmology is in fact a chain complex.

Threoughout this paper, all vactor spaces will be'bver Q .

Defipition: A cellular sheaf S on X (or simply a sheaf when

no confusion can arise) associates a vector space §(0) to each cell

. . s S
0 ¢ X, and a linear "corestrictiaen" map p=

U,T': §(0) + (1) (or sim-

ply Py ¢ if no confusion can arise) for each pair of cells o < 7T
H]

guch that . For convenience, we define
P »

g,7™v,0 ~ Py,1

P : g(G) -+ g(U) to be the identity always.

0,0

Given a cellular sheaf § , Jet CE(X,é) = & é(ﬁp) , and let
O eX

+1 .
3 CE(X,Q) + CE (%X,8) be given by Sc(f)(f) = z ET:O]pObe(U) .

c
o<, T
1

Note that X' = {0 ¢ X||o] is compact} is a compact cell complex, and

define Cp(X,g) = CE(X',%) and & : CP(X,E) - Cp%i(x,g) to be 6c .

Theorem 1.1.3: (C.(X,é),ﬁ) and (C;(X,Q),Sc) are chain com-

plexes.

Proof: For C;(X,g) , wa have




if

5c5c(f)(r)' Y oLriylp

T6Cf<Y)
YT

Ys

[raylp, ( [y:olp. _£(c))

it

) .[?:y]£y:U]pG’Tf(s)

TY ST

I (Cray diy 01 + zr:yz}[y2=oj)po,1f(o) (where
o<, T
2
Yl and Y2 are as in Lemma 1.1.2)

= 0 .

The result for C‘(X,g) follows from this.

Definition: HE(CU(X,g),ﬁ) s H.(X,g) is called the cohomology of

S , and H.(C;(X,g),ﬁc) = H;(X,g) is called the cohomology with com—

pact support of § .

General Defipitions and Remarks

A map between (cellular) sheaves r : § >

Higrl

over a cell complex

¥ 1is a collection of linear maps r(0)

v
—~
(]
—r
4

g(c) such that

T 5
E= 4] = = Yo <
pG’Tr( ) r(G)pG,T T

over X can be formed in a

natural way: (§ @ g)(d) = é(d) & g(o) s pgﬁg = pg - @ p% _ A map
] hJ »

The direct sum of two sheaves § &

U3

f:r@s. >a 7T Iis given exactly by specifying all the component maps
i =1 i =] ) . :

£,. + 8§, » T, . Also, it is easily verified that i (X, 8 T) =

L] =1 =] (c) = =



(x,8) @ B> S (X,1) .

P
By (c)

Given amap r : 8§+ T of sheaves on X , we can define the

sheaf %gg(r) on X by &gg(r)(ﬁ) = Ker{r(c)) ,

r

Rer(r 5 - .
mmz( ) - o8 . In a similar manner, we can define the

P
og,t ) ag,T Iﬁ%(r) (U)
sheaf gg(r) , a subsheaf of T , where Im(r)(0) = Image(r(0)} , and

the sheaf ggg(r) where ggg(r)(c) = Cokernel(r(o)) .

The tensor product of two sheavgs S BT is formed by § 8 T(g) =

- S8 _ 8 L
S(o) 8 T{cr) and pc’T pd’T 8 5.1
i , k+1 .
et seo > § d . §l+l d ¥ §l+2 + +++ Dbe a chain complex of

=i

sheaves. Notice that (5 ,d ) can also be thought of as a structure

that associates to each cell ¢ a chain complex of vector spaces

(g-(o),d'(d)) and to each face relation O < T a chain map

Py, ° (s (©),d (@) ~ (8 (1),d (1)) such that Py Py,0 = Py,1 The

th i,.* i . R . i, e

i cohomology sheaf H (8 ) (or H (X,§ ) ) is defined by B (8 Y{o) =
. . i .

Hl(g (¢),d (@)) , the corestriction maps d%_ig ) being given by the

ith induced maps (p% T)t on cohomology.
¥

*

If A is a chain complex of sheaves, then é.[n} is the chain

complex where (é.{n})m = ép+m .

- . -

If £ A 7B is a chain map between complexes of sheaves
that induces isomorphisms on the cohomology sheaves, then f is

called a quasi~isomorphism. The definition of a quasi-isomorphism
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between complexes of vector spaces is similaxr. Clearly, £ is a
quasi-isomorphism of complexes of sheaves if and only 1if fo(G) is a

quasi~isomorphism of complexes of vector spaces for every © ¢ X .

§1.2 Hypercohomology

Definition: An n-complex of vector spaces U(n) is a collec-

. O n .
tion of vector spaces 1{V |0 € Z } and linear maps

(€ SR s SN ¢ A (S N AN I |
{dil 1 n . v 1 1 1 &

(O, yvee,l L, ee,0 ) .
v * *+ n (al,...,ocn)azn,1Si$n},

(al,...,ui+l,...,an) ° l(al,...,ai,...,an)

such that di di =0 , and each

square of maps commutes.

(n)

The assoclated single complex V' oof ¥ is the chain complex

le,...,an)

where V1 = T v and the maps between components of p
E&imj .
. : TN
and vIth re a1l maps {idi 1 o i@k = 4} , the signs being as—

. o . .
signed to the di's in a fixed manner that causes every square of

U(n)

maps in to anticommute. The fact that ¢" 4is a chain complex

given such a sign convention is clear. Ways of choosing the signs are
(ul,...,mn)
easily found; for example, we can assign to dk‘ the sign
O+, .

{(~1) 1 k . This convention will be called the standard sign con~-

vention.
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. B . B B B
Theorem 1.2.1: Let {Ki} and {ui} R Ai and W o= 1,
<

n . . . .
BeZ ,1%51=n, be two sign conventions making squares in an n-

. . n
complex anticommute. Given o = (al,...,un) ¢ Z° , choose a path

T G L
2 k
each step of the path either increasing or decreasing a single coordi-

frem (0,...,0) to o in z"

3

nate by 1 (the path dces not nécessarily go in the same direction as

the maps!). Define ¥ to be I u.JAiJ

4 . Then,
=1 73 73

(1) ra is indepeﬁdent of the path chosen from 0 to o ;
(i1) if V(?) is an n-complex, V; the associated single com-

plex with sign convention u? , and Ui defined similarly, then the

map r V; > VR which maps ot W by maltiplying by 2 is

an isomorphism of chain complexes.

©,...,0)

Proof: (i) 7Tt suffices to show that r = 41 for all

paths. Let 81,82,83 be a sequence of three points in the. path. If

B, =3 then it is easy to show that the path acquired by removing
1 37

0

the two steps B, to $, teoe B, has the same value of r . If

1

Bl # 33 , then 81,82,83 are three of the cormers of a square in z"

2 3

with fourth corner g, . It follows from.the anticommutativity condition

that the path which replaces the steps Bl to B2 te B

, o '83 _has the same wvalue of rO .

3 with Bl.

to B

Now, find a pointy’ﬂ(Yl,.,.,Y£) in the path with %lyi] maximal,
and let B,B' be the points preceding and following 7Y , respectively.

We can apply one of the shove two processes to get a new path with the




w1 -

same value of ro , but with one less point with maximal value of
?[yi[ (or, if there was a unique maximal value of EiYi¥ , a path
with smaller maximal value of %[Yil Y. Continuing in this manner,
the path is eventually reduced to the path of length O withoutvthe

value of ¥ ever changing, so the result follows.

{ii) To show that r° is a chain map, we want to show that for
e O o' oo
o = (al,...,an) , of o= (al,...,aj+l,...,an) , we have r Aj = Uj

» - » o ¢ ] - r *
(it is obvious that r is an isomorphism, once it is shown to be a

chain map) .

Let p.l,—--@. be a path from 0 to o .
i Tl

¥
an@u. = rOt u? {using the path

Theorem 1.2.1 shows that the associated single complex is defined

up to isomorphism.

Definition: The hypercohomology of U(n) ,}H-(V(n)) is the co-

homology of the associated single complex.

Given a map f : V(n) -+ w(“) between n—complexes, i.e., a collec—

n \
tion of maps fa A Wa , o €% , that commute with boundary maps,

O

the £~ will still commute with boundary maps after signs are changed
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U(n) w(n)

in and to make their squares anticommute, and hence f
induces maps £ iV > @ and £ :E U™y sw @) . 1£ a aif-
ferent choice of sign changes were used, then the induced maps will

commute with the canonical isomorphisms in theorem 1.2.1.

Let V(n) be an n—complex and choose r of the n coordinates
in z" (we will assume the first r are chosen and will write the

coordinates as (al,...,ar,Bl,...,Bs) , ¥ +s8 =n). We can define a

generalization of the associated single complex, called a reduced com-
plex (in this case an (s+l)-complex) by forming the associated single

complex of each T complex consisting of wvector spaces
(ul,...,ur,Bl,...,ﬁs)
v with (Bl,...,Bs) fixed. The above process

V(n)

will be referred to as "reducing in the first r coordinates".

The resulting (stl)-complex will also be referved to as a 'partial re—

U(“) :

duction' of V(n) . Note that V¥ is acquired by reducing in

all coordinates.

Suppose that an n—-complex V(n) is reduced to a single complex

~e Nk (al’..’,an)
V by a sequence of partial reductions. Then V= = 5o &Y
ki
~] -~y , (G‘ !"'5{):' )
and the component maps of Uk > Vk+1 are {idi 1 n ;aj =k ,
' J

. . o .
the signs given by some convention Ai . Since this process of reduc-

~ oy

. . . . , o .
tions always results in a chain complex 'V , the signs ki applied to

y(n)

must make each square anticommute. Hence we have the following.

Theorem 1.2.2: TIf an n-complex “n) is reduced to a single

complex by a sequence of partial reductions, the result is the as-
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. . I . . .
sociated single complex of U( ) with respect to some sign convention

o

Ai . The sign convention depends only on the sequence of reductions

used, and not on the n-complex started with.

"

Defipition: A map between n-complexes that induces isomorphisms

on hypercbhomology is called a quasi-isomorphism.

(m |, gy , @

Given a map £ between n~complexes and a fixed

sequence of reductions on U(n) and W(n)

(n)

resulting in s—complexes

U(S) w(s) (s) . V(S) w}w(s)

cand s, £ induces a map f in an ob-

vious manner. It follows from theorem 1.2.2 that f(n)

() .

isomorphism if and only if f is.

is a quasi-

V(n)

Definition: A n~complex
(ul,...,un)
such that V = 0 whenever I&i[ > N for some i .

is bounded 1f there exists an N

Let £ y® 4y

be a4 map between bounded n-complexes,
. . n P .
and choose r coordinates in Z . By fixing the other n-r coordi-

. . n— .
nates in 4t (a an) = a X T , we get fefices" V;r) and

r+1,."..,
w(f) of U(n) and w(“> , and a map f(r) : U(r) > W(r) between r—
a a a a
complexes by restricting f(n) . We then have,

Theorem 1.2.3: If f(r) is a quasi-isomorphism for all

a
(n)

a e zn—r , then f

is a quasi-isomorphism.
Proof: By reducing along the chosen r coordinates we get an

induced map f(nvr+1)

(n)

which is a quasi—isomorphism if and only if

£ is a quasi~isomorphism. But for each way of fixing the n-r




o ¥

f(n—r+l)

coordinates that were not reduced, restricts to a quasi-

jisomorphism between single complexes, so it is necessary only to show

the case r = 1 .

We will first prove the lemma for the case of a double com@lex

- L L

{(n=2). lLet £ be a map between double complexes

s
¥
t

. . L .
such that for each j , £ restricted to the g—h'column, i.e.,

g9 .4 g™ , is a guasi-isomorphism. Let & be the smallest in-

teger such that either 2% or 8"t £ 0 for some v and let u be

the largest such integer. Define X{‘_ by A o= At for i>t,
At =0 for j £t , and all boundary maps are the same for j > t .

it

t _ A

Define A tobe A7 =0 for j#t and A , all boundary

maps the same for j = t . We then have a short exact sequence of

~
R - ~e e

double complexes O > A + A A >0, which gives rise to maps
between associated single complexes 0 - A A i. -0 . It is
easily checked that this is a short exact sequence of chain complexes.
We also have a similar short exact éequence 0+B +B = § +~ 0 , and

£ induces maps between these. This gives rise to the following com-

mutative diagram, the horizontal sequences exact.

P+1‘(K..) 3 esw

. “_ e w ~ .o o e o
cer »ETIRTY s EPART) »WPQT) BPGRT) v E

— ~te g.' LI » TR I 2
e TP EET) S EPET) EPET) » WP ET) 2w TEET) » e

We can now apply induction on u-t . Suppose u-t =D for
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e L) L LIS ° 4 o

f : A B, and we assume that for any map g : ¢ +D be-

tween bounded double complexes, if g":I ¢t >pY disa quasi-iso-

morphism for all j , and u~t <n , then g. is a quasi-isomorphism.
Then £  is a qguasi-isomorphism by applying the five-lemma to the

diagram above.

To prove the theorem for n—complexes, n > 2 , use induction on

M),y

n . Let £ : be a quasi-~isomorphism on each single com-

plex acquired by fixing the last n-1 coordinates. Using the result

£ (n)

for n=12, restricts to a quasi-isomorphism on each double

complex acquired by fixing the last n-2 coordinates. By reducing

V(n) and W(n) in the first two coordiﬁates, a map between (n-1)-

L1 D) (1) (n-1)

complexes is induced, and f restricts

-

to a quasi-isomorphism on each single complex with the last n-1 co-

ordinates fixed. By induction, f(nwl)

(n)

is a quasi-isomorphism, and

hence f is a quasi-isomorphism.

As a special case of this, we have,

Corollary 1.2.4: let V ' be a bounded double complex and A

L]

a bounded single complex mapping inmto V g0 as to form the following

commutative diagram:
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v 0 4 B

Ocf R@o >¢u w22 o .l r
4 1 b \f

plef }Qﬂ AN o2 L el

0 £ Vg Va1 Y22

A" eV »>V© YT e

~ " W s

LI}
s e m
e
LR ]

. . ] . s
if each horizontal sequence ig exact, then f induces an iso-

morphisa EP : HP(A.) QCHP(V-.) for each p .

Proof: : This follows immediateiy from theorem 1.2.2 since
B (AY =H (A" >0 >0 =+ +e),A >0 >0 + o+ being the double
complex which has A  in the 0™ column and 0© elsewhere, and f
extends to a map £ (A. >0 >0 > een) + ¥V which is a quasi~

isomorphism between each pair of horizontal complexes.

Let (é.,d) be a complex of sheaves on a cell complex X . Then
(Cl(X,gj),d,ﬁ) and (Ci(X,gj),dc,GC) are double complezes of vector

spaces. Define the hypercohomology ﬂia(X,gn) of é. to be

?HO(CI(X,gj)) and the hypercohomology with compact support :H;(ng.)

of g. to be iH'(Ci(X,QJ)) .
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A sheaf § will be identified with the complex of sheaves
cee >0 >8>0 >0 >, 8 being in degree 0 . Under this iden-

tification, }H(c)(X,g) = H(C)(X,g) .

Theorem 1.2.2 gives us two immediate statements about hypercoho-

mology of complexes of sheaves.

- o

Theorem 1.2.5: (i) If «r -+ Z. is a chain map between

Hen

bounded complexes of sheaves and induces isomorphisms on the cohomology

sheaves E- : gﬂ(X,g.)-:$§°(X,£.) , then

Ty

'

r EH.(X,t_%_") +]H'(X,£°) and

[ 11

.]H;(X,g.) +IH;(X,£.) are isomorphisms.

of sheaves and rF¥ : sP zp induces isomorphisms on the sheaf cohomo-
logy (respectively sheaf cohomology with compact support) for all p ,
then r  induces isomorphisms gf :TH.(X,gt) ﬁ]H'(X,E.) {respectively

-

r H(X§)FHXI) ).

Proof: Both results follow easily from theorem 1.2.2, the first
because the map (C?C)(X,éj)) - (C?c)(x,gj)) gives quasi-isomorphisms

between slices for i fixed, and the second because the same map gives

quasi-isomorphisms between slices for } fixed.

Remark: All constructions done with n—complexes of vector spaces
can be donme equally well with n—complexes of sheaves., Hence the hyper-

cohomology of an n-complex of sheaves is a single complex of sheaves.
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Although hypercohomology in this sense is only applied to complexes of
dimension > 1 , if there is a possibility of confusion, this opera-

tion will be referred to as algebraic hypercohomology, and the hyper—
cohomology of theorem 1.2.5 will be referred to as topological hyper—

cohomology.

§1.3 Injective and Projective Sheaves

‘Definition: A sheaf [ is irjective if, for any map f : A > I

and any inclusion 1 : A=—B , there is an extension g : B+ I such

.

that £ =g ° 1 .

A sheaf P is projective if for any map f : £ * A and any sur—

jection T : B—+A , there iz amap g : B+ B such that F=a g,

Temma 1.3.1: (i) If 41 : Ie—sd is an inclusion of an injective

sheaf into a sheaf, then I is a direct summand; i.e., A =1 & Cok (1) .

i
h

each A is

(ii) A, is injective 1f and only 4

i

injective.
(iii) If T : A-—=E is a surjection of a sheaf onto

=P @&

=

a projective sheaf, then er{m) .

o

ll

(iv) $“i is projective if and only if each A
i= &£

is projective.
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Proof: Each of these follows by an easy application of the defi-
nitions above. TFor example,

(1) Since I is injective, there is a map g : A > 1 such that
g o i = identity. Then the map é«g—gtﬂ$£ ® Cok(i) is an isomorphism
since we have a split exact sequence O ;(c);g%:ié(ﬁ) 1 ggg(i)(d} > 0

over each cell.

One of the advantagés_of working with cellular sheaves is that in-
jective and projective (cellular) sheaves are particularly simple and

plentiful.

Definition: Let ¢ ¢ X and let V be a vector space. Then the

V 1T =0

v oo . . v -
sheaf [0l is given by Lol (T) = {O T $ g , where corestriction

maps between coples of V are all identity maps. We will also write

to] = [o1% .

Theorem 1.3.2: A sheaf I 1is injective if and only if it is iso-
v
morphic te one of the form GQXEG} o

Proof: Given [G]v4r£w-§<l§—%l , the map f£(0) : 8(6) >V can

be extended to g(d) : I(g) =V . For T < g , define g(T) : T(T) =~

[GJV(T) =V by g(t) = gl@) e % g - Then g is an extension of f
-4

v
to T (where g(T) : T(t) + [01°(v) = 0 is the zero map for T £0 ).
: v
This shows that [O]V is injective, and hence ngfdj 9 s injective

by Lemma 1.3.1 (ii).

To show the converse, assume Iinductively that every injective
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v
sheaf that is 0 om all but k <n cells is isomorphic to GgX[G] 6,

and let 1 be injective and 0 on exactly n cells. Let O be a
cell of maximal dimension for which é(U) £ 0 . Let ;(d) =V , and
(U)V be the sheaf that has V over J and 0 over every

other cell. Then there is an inclusion J : (O)VE—%EOJV and a map

. v . . . . .
a ' {U) =+ I where o(0) is the identity, since ¢ 1is of maximal

dimension. Extend o to & : {GJV I, On T <0 , the map

. : . \Y v ;

T & ~ Lol tol . . o~ "

= o = {3 o = = - p— — .
Z.0 (1) (o) p?’c pT’G identity, so O{(T)} is one~to-one

Then 0 is one~to-one, so by lemma 1.3.1(1), I MIb}v & Cok{(a) .

Cok(a) is O on © as well as every cell that

L

is 0 on, so by

v
induction, gok(a) = Y?X[Y] Y

Since it's vacuously true that a sheaf having 0 on all cells is
1
isomorphic to an (empty) direct sum of [G}v ® . the induction is com-

plete.

The sheaves [U]V will be called elementary injectives.

There is a natural way to include a sheaf 5 into an injective

sheaf. Let ;S = GQX{UEQ(O) . To define the map is : ga*‘*is y We
.5 ${o) . .
let the component map I, : 5 > {ol= be given by having

g?(T) : 8(1T) > 5(0) be d% . for T €0 . This is easily checked to
- - ' ]
be a map of sheaves, and it is also easily seen that is is one~to-one

on each cell.

== =T

Given amap h : 5§+ T , we can define a map hI : ;S + I

again by defining it on the components of 58 and LT s for ot T,
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[032(6) + EOJE(T) is the O-map, and for o0 = T ,£G]§(O} - [5]2(0) isg
n(0) over each face of 0 . It can be verified that this defines a

sheaf map, and that the following diagram commutes:

From this we get,

Lemma 1.3.3: Any complex of sheaves § can be embedded in a com~-

plex of injective sheaves, §21—%#

litH

Proof: 1iUse the natural embeddings of the sheaves into injectives

described above:

SURRPC I LIRS B S PR
.SO .Sl [.52 1 33
L L I i

vee > I > 1 > ST, > eee
= 0 0 = 1 1 = 2 2 =3
s 61 S 51 S GE S

It is easily verified that the lower horizontal sequence is a

chain complex.
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Theorem 1.3.4: For any bounded complex of sheaves §°

, there

exists a quasi-~isomorphism to a bounded complex of injective sheaves,

Sn q_i_ °

1Epd

L]
This is called an injective resolution of § .

Proof: We wish to construct a commutative diagram of sheaves

°
L]
L
<

-
by

i

<

gor § LOO 10 *;;Oz e
g r v

gl(_ }E;m 1t 112 o e
v ¥ A4

§2C (%20 (£21 /ézzny_..
i \{' ~ s

: s I : . :
where each [ I s injective, the vertical and horizontal sequences

are chain complexes, and the horizontal complexes are exact. The first

column E.O can be constructed by lemma 1.3.3. Suppose the diagram is

iji's . in
constructed for all I where j £ n . Then each [ maps onto

gln - ggg(E:L,n——l

by a map T , and by the commutativity of

i+l,n

= A 3} i . .
the diagram, there are maps 3 ' : Ql’n > which commute with

o

the rest of the diagram. Then (g'n,a

horizontal sequence §¥€w¢§1’0 > e

) dis a chain complex, and each

i,n .
+ G is exact.

felo

»11

[l
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0 s,

Let 8 : C "ymtl

1 be the canonical embedding of Qun

into an injective complex. Then this constructs the diagram for all

-+ 11,n+1 are

ii's i,n
L such that j <€ ntl , where the maps I~

i,n i,n . . : ;
s *" o m?" , and by induction, this constructs the complete diagram.

L]

*\/’
O,n_ 0O,n_.0,n
v m g S
0,n-1 O,n’”fdwjy \O,n+1
co'-——---—-a-—I_ ——'-}-; MWG,H_.M_—__.%I
= = 05 =
dO,n—l dO,n dO,n—l-l
%
1,n 1, 1.n

v TS o
s ___thl,n—l____éhll,n S ;1,n+1

Notice that if 3§ is a sheaf for which g(a) = ) whenever

i

dim(g) =z k , then 5(0) ;S(O) for dim(g) = k-1 , and hence

Y

Egk(is) = 0 for dim{(o) =z k-1 . Therefore, in the diagram just con-

structed, if the cell complex X is n~dimensional, ;13 = { for

i »n . Since § is bounded, the diagram is bounded.

.o

The assoclated single complex E' of 1 can now be formed,

and there is a natural map g' > ;' which, by Corollary 1.2.4, is a

quasi-isomorphism over each cell, hence is a quasi-isomorphism of com-
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plexes of sheaves.

Theorem 1.3.5: Let {T]v and (1" be elementary injectives.

Then
. . v W,
(1) if T £ 0, the only map [ol’ » [r1" is the O-map;
(ii) 1if 7T £ ¢ , there is one map [03v - [T]W for each element
of Hom(V,W) , and no others. Given h : V -+ W , we form a map

f: [O]V +-[T]w by letting £(y) =h for vy s7v and 0 for v $ T .

The proof is straightforward. If a map [O]V > [?]W is described
as being "given by h : V> W " where T £ ¢ , it will be understood to

mean that the map is the one described above.

Each of the theorems 1.3.2-1.3.5 has a corresponding theorem about

projective sheaves. The proofs are similar, and will be omitted.

bDefinition: 6Given a vector space V and ¢ ¢ X , the sheaf
'{G}V is given by {U}V(T} =V for 07T agd 0 for o $ 7 , the
corestriction maps between copies of V being identity maps. We will
write {o} ='{U}Q .

Theorem 1.3.6: A sheaf is projective if and oniy if it is isomor-

v
. : g
phic to one of the form ngﬂj} .

{G}v will be called an elementary projective sheaf.

Lemma 1.3.7: Any complex of sheaves §. is the image of a com~

plex of projective sheaves, P —»>

it
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Theorem 1.3.8: Tor any bounded complex of sheaves §. there ex-

ists a quasi-isomorphism from a bounded complex of projective sheaves,

= q.i. .
- .

e

This is called a projective resolution of g. .

’

Theorem 1.3.9: Let {O}v and '{T}W be elementary projective
sheéﬁes. Then,
. ; " , - Voo AW,
(i) if 1 ¥ 0 , the only map {o}" » {7} ig the O-map;
(ii)  if T £ ¢ , there is one map '{U}VV¢5{T}W for each element
of Hom(V,W) and no others. Given h : V -+ W , we form

f :'{U}v -+ {T}W by letting £(y) =h for o<y and 0 for C £y

Theorem 1.3.10: For I an injective sheaf, H'(X,I) = HL(X,I) =0

for p > 0.

v s ] .
Proof: We can assume I = (g3 , an elementary injective, since

(x,e1") = ou°  (X,ID) .
A 1 -

P
B (c)

CP(X,EOJV) assoclates an element of V to each p-dimensional
face T of © where T is compact. These are just the chain groups
used to compute the CW cohomology of v = [t < UY?. is compact}]| ,
and & can be seen to agree with the CW coboundary maps, so
HP(X,{U]V) = HEW(Y’V) . But since X is a compact regular CW com-
plex possibly minus a O-cell, Y is either a closed cell (if o is
compact} or a closed cell minus the star of a vertex (if g is not

compact), which is a deformation retract of a closed cell minus a point

on its boundary. Then HEW(Y’V) = 0 for p >0,

Let O be the closure of ¢ in the one-point compactification X
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of X , and O the closure of ¢ im X . DNotice that Ci(X,[G]V) =

Czw(i§i,v) for p > 0 , and the boundary maps P > P agree for
P v P 1=

p >0 . Then HC(X,[G] ) = HCW(IG[,V) =0 for p>1. For p=1,

‘ C2W(1§|,V)r+

%O

we have to show that everything in the image of §

Céw(lgi,V) ig in the image of 62 : Cg(X,[O3V) =+ @ (X,[O]V) . Tf O

[ ol

is compact, these are the same maps. Assume o 1is not compact. If

~

0 0 0 v
f e Em(Scw) , say 5Cw(g) = f , let g ¢ CC(X,EG] ) be given by
Tw) = glw)-g(point at « Yy . Then SCE = £ , and hence

1 v 1,=
HC(X,[G] y = Hc(lal,v) =0 .

§1.4 Global Sections

Defipition: Let § be a sheaf on X, and let U ='{Ui} be
any subset of cells of X (U is not necessarily a cell complex).

Then a global section o of 8 on U is a cholce a(Oi) of an ele-

ment of §(Ui) for each Gi ¢ U such that if Ui < Gj y a(Oj) =

Py g (a(Ui)) . A global section with compact support is a global sec~-
i’73

tion o such that a(di) = 0 if the closure of ]Gi] in IU| is not

compact. The group of global sections is denoted I(u,s) , and the

group of global sections with compact support is denoted TC(U,g)

If U = X , there is a nicer description of I'(x,8) and FC(X,Q).
Since every cell has at least one vertex (in the l-point compactifica-
rion each cell has at least two vertices), an element O € T(X,g) is
completely determined by its values ‘ﬁi(v)[v a vertex} . Then we can

consider ['(X,S) to be a subset of CO(X,g) , and TC(X,Q) a subset
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of CZ(X,g) . Under this interpretation, o € CO(X,g) is in T(X,g)
if and only if o  extends to a well-defined global section & in the
original sense, by G&(o) = pv,Od(v) for any vertex v =0 ., Similar-
ly, « ¢ Cg(X,g) is in FC(X,Q) if and ogly if o extends to a well
defined global section with compact support & by G(o) = P, Ou&v)

L]

for any vertex v = 0 .
0 Q1
Theorem 1.4.1: T(X,8) = Ker(C (X,8)—C(X,8)) , and FC(X,Q) =
0 60 1
Rer (C_(X,8) —=%C (X,9)) .

Proof: If o ¢ I'(X,8) and ¢ dis a l-cell with compact closure,

then © has two vertices vy and vy - So(u)(o) =

[G:vljpvl,da(vl) + {G:vz}pv a(vz) = i(pv1 a(vi)—pvzsga(vz)) =

£#(@(©)-0(c)) =0 (& dis the extension of o to all cells), so

2:0 Ne)

T'(X,8) E_Ker(ﬁo) .

To show that Ker(GO) E‘T(X,é) , we need to check that if
o € Ker(ﬁe) » V15V, are vertices and vy < g , i=1,2 where ¢ is

any cell in X , then p @{v,)) = p (0(v,)) . We can always
vl,U 1 vz,O 2

find a path along l-cells in o from vy to v, (if |31 is not com-
pact, consider the l-point compactification of ISW; then we need only

find a path of l-cells from vy to v, avoilding the point at infini-

ty). 1If v.,v, are connected by a single l-cell, the result follows

1

immediately. Suppose we've shown the result for ViV, connected by a

5

path of less than n 1-cells. Let VsV, be vertices of ¢ connected

by a path of n 1-cells, and let w be a vertex of C so that VW
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are connected by a path of n-1 l-cells, and w and v2 are the

two vertices of a l-cell T . Then ?vl,G(a(vi)) = pw,g(a(w)) =
) (alv,)) = pVZ,U(u(Vz)) . Then

Ker(ﬁo) c I'(%,8) , and hence, Ker(ﬁo) = I'(X,8)

Po Py T(OL(W).) =7p._ P

T,0 T,0° V., T

As before, if |81 is a compact l-cell, then for do € ?C(X,g) .

0 a
(5ca)(d) = ( . If ‘O| is not compact, then it has only one vertex v ,

0 o~ _ .
and (Gca)(G) = ﬁpnga(v) h{o) = 0 , since o € Tc(X,g) . Then

o & Ker(ﬁg) .

Conversely,.given o € Ker(ﬁg) , O determines a well-defined
global section O over all cells by G(o) = P, O(a(v)) , v £ 0 , since
3
_ 0 0 0 0 0
P(X,8) = Ker(6") and Ker(ﬁc) < Ker(d7) € C(X,8) = CC(X,E) . For any
non~compact l-cell 0 we have o(0) = 0 . Any non—compact cell T
has a non-compact J-cell O as a face (think of the l-point compacti-

fication of T ), so a(T) (0) =0 . Then 4 is O

T P17

on non-compact cells T , 80 O € TC(X,Q) and hence FC(X,Q) = Ker(ﬁgl

Theorem 1.4.2: Let g. be a bounded complex of sheaves and

- -

h > L. a bounded injective resolution. Then we have the follow-

R

ing isomorphisms:

H(x,8) ¥H (F(X,1)) and

it

B (x,80) = 8 (T (6,1

(© (X,I') by theorem 1.2.5(i).

Proof: We have THEC)(X,§3%§>31
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The following diagram of vector spaces has exact horizontal com-

plexes by theorems 1.3.10 and 1.4.1%:

» - L]

b b }
X,

0,1 _ 0 0 1 0
?(C) (X,I )am—a-c(c) I )Mc(c)(x,g ) > oeee
Vi it o Y 1 Y
I’(c)(x,; ) c(c)(x,g )————r-c(c)(x,; ) e
1 2 ;
'y &1 <t & 1H —ct x> e

L

Then by Corollary 1.2.4, i : H'(F(C){X,;')) >H (X,1) 1is an

igsomorphism.

§1.5 Subdivisions

Definition: A subdivision of a cell complex X is a cell com-

plex X' with ]X'[ = [X[ , and where every cell of X is a union of
cells of X' . If § is a sheaf on X and X' is a subdivision of

X , then we can define the subdivisiop of S , 2 sheaf on X' , to be

. 1
§' given by §' (@) = S(@) where « 5_3 , and p% - p% %'"Where
™ - = 3 >

ccd,tc¥. If § is a complex of sheaves on X , then the sub-

-

division of § , a complex of sheaves on X' , is defined by subdividing
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¥ 1
the sheaves gp and letting the boundary map ép(g) :§p (0)"%§p+l (o)

be dP(@) : gp(g) - §p+l(8) for 0 <& e X .

Lemma 1.5.1: Let § be a complex of sheaves over X , X' a

subdivision of X , and g' the subdivision of Q. . Then theré are

natural isomorphisms of chain complexes,

2T r(x,g) »T(x',8')  and

SRS UG R-ID IR ¢ O N

Proof: We define maps k(c) : T(c)(X,é) - T<c)(X,§') for § a

single sheaf.

Given a global section o of 8 , we can associate to it the glo-
bal section o' of g' by a'(o') = a(o) where O’ E_C . If o' e X
and O' is not compact, and ©' € O, then o is not compact (this just
says that 1f ©' has the point at infinity of the one-point compactifi-

cation X as a vertex, then so does O ). Hence o € Ft(ng) impiies
@'E‘FC(X‘,QY) . So we have linear maps A : r(x,8) + (x',8") and
lc : FC(X,Q) -+ TC(X',g') .

Suppose that o' ¢ I'(X',8') , and 0 ¢ X , 0 = UG% , ol e X" .

Since g'(U%) = §(o) ¥ i and all the corestriction maps between the

1

S'(g')'s are the identity, o' associates a unique element of §(a)
= l =

to the cell o . If T <0, 7,6 ¢ X , then we can find t' c T,

o' cog , T <0' where T',0' ¢ X' . ' associates a'(t') to T

and o'(g') to o, and a'(ch) = P ottty = P Ua'(T') , SO every
] ?

a
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global section of é' gives rise to a global section of 5 .
fines a map T (X',§") - T'(X,8)

A

This de—

which is clearly the imverse of XA , so
is an isomorphism.

If o' € FC(X’Q') and A(@) =a' (aeT(X,8)), then 0o

is zero
is not compact since every such 0

on all ¢ where g

contains a

cell 0' ¢ X' where O' is not compact. Then O € FC(X,Q) ., and

hence Ac is an isomorphism.

Given a chalm complex g. , for each p €Z , define
P P ' P
A : T X,8%) - X !
(e) CC)( 5 r(C)( 8

S as above. It is easily verified that
A and l; are chain maps, hence they are isomorphisms of chain com-
plexes.

Theorem 1.5.2: Let § be a bounded complex of sheaves on X ,

XT

a subdivision of X and §' the subdivision of §° . Then we

have the following isomorphisms:

Hc (X’—_SO) "

H.(X',g") . and

B (X,87) =W (X8 -

Proof: Let § + I be a bounded injective resolution, and L‘
the subdivision of I (L' is not, in general, an injective complex) .
Then there is a natural map g' -+ L' which is a quagsi-isomorphism,

so we have by theorem 1.2.5(1),
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oy XL

Bl (g o

If ;' ig a subdivided injective, then it is clearly a diredét sum
of subdivided elementary injectives. Using exactly the same reasoning
as in the proof of theorem 1.3.10, then, it follows that HP(X',g') =

HE(X',;') =0 for p >0 . Then by theorem 1.4.1 and Corollary 1.2.4,

i

H'(F(C)(X',E'.) > HEC)(X',é") . Finally, by theorem 1.4.2 and lemma

g

1.5.1 we have, H  (X,8) 2 H ([ (LI > (T (X1 .

§1.6 (Cellular Maps

Definition: Let X and Y be cell complexes. A function
£ : X~+7Y along with a continuous map |[f| : |X| » |¥| is a cellular
map if

(1) for o ¢ X , !f](ic[) is the cell ‘f(G)[ :

(ii) |f![!cl : o] » |£¢@)| is the projection ML
topologically;

(iii) Given 0 ¢ X and y,z ¢ |[£(O)] , 1517 ) a fo|  is

compact if and only if !f]"l(z) n TST is.

We will usually write ]f] simply as f , when no confusion can

result.

Lemma 1.6.1: Let f : X~ Y be a cellular map where X =0 ,
Y=1, and f(0) =T . Given y ¢ £(|X]) , let C be a compact con-

nected component of f—l(y) , and let U be a neighborhood of C in
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[Xi . Then there exist neighborhoods V of y and W E_U of C
such that E£(W) = V , and fﬁl(V) = W . In particular, if ful(y) has
a compact connected component, then it is connected.

Proof: Fix a metric on IXI . Sipce C 1is compact and IXl is

locally compact, there exists € > 0 such that

K= {x ¢ [X[id(x,c) £ e} is compact, K< U, and K n fﬂl(y) w (1.
Let W, = {x e {X[Id(x,c)*<€/2} . We will show first that there exists
a neighborhood V of y such that f"l(V)'g_wo .

Assume to the contrary that for all neighborhoods V of vy ,
(x| - WO)'n fﬁl(V) £ ¢ . Suppose V is a neighborhood of y and
vn }T! is comnected. We claim that (K - WO) n f“i(V) # @# . To show
this, we can assume that (]X| - K) n f_l(V) # ¢ since otherwise the

l(V) is open,

1

claim follows immediately. Simce (|X| - K) n £
(x|l - &) n £t n {o] 4is non-empty. Similarly, Wy n £ (V) is
0 " Fheny n o] £6 .

Ep+k > R topologically and

non—empty (it contains C ) and openm, so W
f.o: [O| -+ ]Tl is just the projection
von [T! is connected, so we have that [0] n f_l(V nlt]) =

L

lol n ffl(V) is conpected. Since there are points x € |o| n £
with d(x,¢) > ¢ (l.e., = € 1X| ~ K ) as well as with d(x,C) < €/2

1(V) shows that there

(i.e., x € WO ), the comnectedness oflﬁi af
are points X € lo] n £ (V) with &/2 £ d(x,0) =€, 1l.e.,

(X - WO) n ]G[ n f“l(V) # @ . This shows the claim.

There are arbitrarily small neighborhoods V of y where
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¥V on [T] is comnected, so we can form a sequence {xi}‘E_K - WO such
that f(x;) >y . Then {xi} has an accumulation point x in K
since K is compact, and f(x) =y . But &/2 < d(xi,C) ¥ i so

X % € , contradicting C =X n f"l(y) . .

Hence there is a neighborhood V of y for which ful(V) E-WO .
Letting W = f~l(v) , we have W < U such that f_l(v) =¥ ., It re—
mains to show that E(W) =W . Let z e V . We can find a sequence
Hz;l eV it| such that {z.} +z . Since z ¢ |T| , there is an
X, € ]d{ such that f(x,) ==z, . {x.}ewck , SO ‘{x.} has an ac-

i i i i - = i
cumulation point x in K , and £(x) =z . Then z ¢ V implies that

X € ful(V) =W, so z e £(W) . This completes the proof.

Let &§(X) be the category of cellular sheaves on X , and let
£ : XY be a cellular map. We can then construct the following fac-

tors:
*
fo: S(Y) » S(X) .

If Te¢ $(Y) and O ¢ X , define (f*l)(ﬁ) = T(E(@)) . If

g T, then f£(0) < £(T) by continuity, so we can define the core-

striction maps as pg % = P%(G) £ty ° Given a morphism $ * I in
3 3

S(Y) , there is an obvious way of defining the corresponding morphism

%* %
> £ T

jHes]

Given T € Y , we define 8t(1) = {y e Yiy = 1}
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f, : S(X) > s(Y) .

*

Il

If TeS® and Te¥ then (£,1)(1) = I(F (s£(N),1) . The

corestriction maps are just restrictions of sections. £ transforms

*

morphisms in an obvious way.

Thereom 1.6.2: If 0 ¢ ¥ and V is a vector space, then

£,001" = (£ .

proof: If T ¥ £(0) , then o n fnl(st(?)) =@ , so
e ee(r)) o1y =0 . If T < @) , then O ¢ £ (5t(T) , and
each element of V put on O extends uniquely to a section of [G]V
on ffl(st(T)) , 80 f*[djv(f) = ¥V . Corestriction maps between cells

v < T £ £(0) are easily seen to be the ldentity.
£, 1 8(X) > 8(Y) .

If TesS(X and TeY, then (£,D() = {h e PCETH(D,D )
=0 if [EI n f"l(y) is not compact for vy € t]} . This group is
well-defined by the third condition in the definition of a cell map.

et v < 7T be cells in Y , and h € F(f_l(y),g) be an element of
flg
YT
o € fﬂl(T) takes the value p%;o(h(l)) for any A <0 in fﬂl(y) ,

(fnl)(Y) . Then p (b} is the element of F(f—l(T),g) that on

or, if no such XA exists, takes the value 0 .
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We need to show that this is well-defined, and that this does, in

fact, form a sheaf.

First, suppose f(Rl) = f(kz) =y, Al <0 , A, <0 and

f(o) = T . Consider f as restricted to f : 0 + T . Then by
lemma 1.6.1, for v € ]Y! , fwl(y) is either connected or consists of
only non-compact connected components. If f—l(y) is connected, then

there is a seqﬁence of faces of O in fwl(Y) from

Kl to Az t AL SH. 22U, £ ... <E = A, . Then Pﬁi,a(h(“i)) e

i+1’6(h(u

= ild

L r . - : :
5 P54 (h(u)) = p ) (G d, <, ). Applying

i+i
. . T T
this successively we get that P% U(h(?\l)) = px Cy(h(}\z)) . If
1’ 2°

f “(y) d1s not connected, then for any face A <0 , £(A) =Yy , let A
be the conmected component of ful(y) that intersects |l[ (A is
unique by condition (1i) of the definition of a cell map), and let

'{Ui} be the set of cells that intersect A . By condition (ii) again,

= f*l(y) n \{[Hif . At least one of the Ui's must have
£ — . -1 U _
(v) n |ui| not compact as otherwise £ “(y) n ilui! =
(y) n kﬁull \{(f—l(y) n ‘ﬁ;W) would be compact and since A is a

closed subset of this, A would then be compact. Suppose that
AT s'{ui} has f_l(y) n IXTW not compact. Since A 1s connected, we
can as before construct a sequence of faces of ¢ in fml(Y) s

A g By 2 Ul S L A' , and conclude that p%,d(h(l)) =

i

S B
T
U(h(:«ln = 73 o®0) = 0

0 . Then in particular, for Al,k as above, we have

w-

P

>§3 >"Ill-3
;....x
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Hence the value p% U(h(l)) in the definition is independent of
»

f,T
1= : —
the choice of A . To see that pY'T(h) is a section of f l(T) , we
b
must show that if Ul < Ty and f(Gl) = f(Gz) = T , then the value
associated to o, maps to the value assoclated to 0, under the co-

1

restriction map. If there exists A % g, where Ff(A) = v , then

2

A <o, , and hence ps ops _ (h())) = p= _ (h(})) shows that the
2 dl,cs-z )\,01 }\,02

values are consistent. If there is no X < 01 such that Ff(Q) =7v ,

then the value associated to 0y is 0 .

Considering f as restricted to £ : gé + T and letting

; ~1 .
v o€ Iy‘ , if £ “(y) has a connected compoment that is not compact,

then as.before, the value associated to O, is 0 . If fwl(y) is
compact, then it's conmected, and 18;1w-|8;1 is a neighborhood of
f—l(y) . But this coptradicts lemma 1.6.1 since there are points =z
on T arbitrarily close to y for which ‘f“l(z) ¢_|8;w - IEZW , as
f(Gl) = T . Hence fmlty) cannot be compact.
L -1
We've shown that pY’T(h) is a section of £ "(r) . Suppose

f) =1, ve|t],and lofn fvl(y) is nmot compact. Choose

Z € lyi , and as before, consider f vrestricted to f :38 + T ., Sup~-
pose fﬂl(z) were compact. Let K be a compact neighborhood of
f_l(z) and find a neighborhood V of z such that fnl(V)_E ¥ . Then

for a v' €V o §T[ , fwl(y') is compact, contradicting the fact that
£f,T

1=
(h)

fgl{y) is not compact. Hence f_l(z) is not compact, so
£f,T
1=

Py 1

asgociates 0 to ¢ . This shows that p is in fact a2 map from

Y,T
£,1(y) to £,2(0) .




£,1T£,1 £T
It remains to show that o - -
Pu, Py,

g e X s.t. (@ =1 (we will again consider £ as £ : g+T).

p\f’T . lLet he flg(Y) and

et v € !Y[ .

If fvl(y) = @# , then p {(h) and p T(h) are both ‘0 on
A

H TPy, Y

1f fwl(y) is not compact, then'pY T(h) is 0 on O . If

there is no o <d such that f(o) =y then p () is also O

1, Ty, u
on o . 1If there 1s an o < o such that f£(a) =3 but mo A <

such that F£()) =y , then again, (hy is 0 on o . If

Pu,tPy,u
there are cells A <o <o with f£(A) =y and f(a) = U , then it

follows directly that (h} and p T(h) agree on O .
¥

Pu, Py, Y

If fml(y) is compact and non-empty, we can choose a neighborhood
i} E;f—l(y} , U compact, and a neighborhood V of y sugh that
z € V= fﬁl(z) < U and is non~éﬁpty. This shows that there is an
o <0 with f£(@) =u ., Let '{yi} be a sequence in |[H| A V that ap-
proaches vy . For eéch Vi o choose an xﬁ’e|a] such that f(xi) =¥y
‘{Xi} § 3 , so there is an accumulation poiat x , and £(x) =y .
Therefore there is a A <d with £(A) = 7Y , and hence pé,TpY’u(h)
and Py,T(h) agree on O .

This shows that fig is a sheaf. Given a morphism § > I be~-
tween sheaves on X , a morphism fjg -+ f!g can be constructed, which
for T ¢ Y , maps sectioms of § on. frl({) to sections of T om

ffl(T) in the natural way. It is easily verified that this is a map

hetween sheaves.
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CHAPTER TWO

THE DERIVED CATEGORY

§2.1 The Homotopy Category

The bounded homotopy category Kb(X) has as objects all bounded

chain complexes of sheaves on X . Given g.ﬁgo € Kb(X) , the mor-

phisms Hom b (A ,B ) consist of all chain maps é. - E‘ , modulo
K (X) - N
all chain maps homotopic to zero. Given a map £ : X+ 7Y, each of the

functors f,.,%, , T, and FC extends naturally to a functor on Kb(X)

(the first two mapping into Kb(Y) and the last two into Kb(VS) = the
%

bounded homotopy category of vector spaces), and f extends to

*

f Kb(Y) - Kb(X) . If T is one of these five functors, and

e

W . : "
€ Kb(X) (or in the case of £ , I € Kb(Y) ), FI will. be the

{3

chain complex

» L] L]

Given a chainmap § > I ., F induces a chain map F§ * FI-

in a natural way, and it's clear that ] -1 homotopic to zero im-

plies F§° - FEO is homotopic to zero.

Let A,B ¢ $(X) . Then Hom(A,B) is a sheaf on X defined as

follows. Given O ¢ X , Egg(é,g)(q) consists of all possible sets of
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maps {é(y) > Q(Y),Y € st(o)} that commute with the corestriction maps,

i.e., all "sheaf maps" é] if one ignores the fact that

e ” Blaeo)
st(0) 1is not necessarily a cell complex. The covestriction maps are
simply "restriction of data", i.e., pU;Tt{é(Y) + B(Y)}) will consist
of the same maps, but only those between cells of :st{(T) . Given a map
B+ £, there is an aséociated map Hom(A,B) ggg(é,g) , and given a

map A > D , there is an associated map Hom(g,g) > Hcm(é,g) . We then

have two functors, Hom(A,") @ S(X) ~ 8{(X) for any A € S(X) , and

Hom(-,B) : S(X) » §(X) for any B € S$(X) , the first one covariant

and the second one contravariant.

Theorenm 2.1.1:

Hom([61",[71") =

[Tgﬂom(v,w)

Proof: If Y % o n T, then for every U € st(Y) , either
014y or [tan is 0, so Hem(fo1',[ty(v) =0 . If
Y € onT , then the only possible way of extending a map
h {OJV(Y) +'[T}W(Y) (h € Hom(V,W)) to a commutative diagram of maps

CaM| > (1%

SECY) st(y)
U € TnTestly) . If T <0, this gives a commutative diagram, but

ig to put h over every cell

if T # g , the diagram over the face relation Yy <7 is




] -

YV >0

Wt

which does not commute unless h = 0 . Then Egg([G]v,iT]W)(Y) ig
Hom(V,W) if v £ 717 50 and 0 otherwise, so the result follows {the

non-trivial corestriction maps are easily seen to be the identity).

Now, given éc,g' € Kb(X) , we define an element

ggg'(é',g.) GKP(X) by forming the double complex which has

Egg(éul,gj) in the ijEE- position, and taking the associated single
complex of it. Given a chain map §° -+ g. we get a map

om(A BJ)) -> (Hom(A ,gj)) between double complexes which induces a

,C.) . Suppose the map g. + Qo is

chain map Hom (4 ,B) * Hom (&'

homotopic to zero. We claim that the induced map is homotopic to zero.

TLemma 2.1.2: Let £ : A B be a map between double com-
plexes of sheaves (or vector spaces) with boundary maps d;?A ,'di{B R
k=1,2 . Let e . éfj »~§"jﬁl be chain maps such that
d;:gmltij + t"j+ld§fA = fij ¥ i,ij . Then the induced map
£ . é. + g. on single complexes is homotopic to zero.

Egégg; Let ﬁi be the signs used to form a single complex. The
maps ué ] lti for i+j =K map a compoﬁent of ék to a component
of ].%kﬂ1 , 8o they form a map ?k‘: ék + gk—l . Let D Di be the

B
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.

boundary maps for é.,g. , respectively. Then on the component A J

of A (it = k) , Dg"ltk + tk+15)§ : At +.§1+1’3“1 @B is
S A L U A S - A R . S0 o O T M i4+1,3- 1 i+l,3013 .13
I T A L Y U Mitdin ®
‘1] 1,3+1 ij 13
Hy't Hy doy)
i,4-1 1,j-1.4,3-1 413 i, -1 1] 1+1,3 ij
(ul 2 dm £+, ot dj) @

L

(d ’J ltl:! + t 13+ 13)

=0 @ £ , since the two signs in the first term are opposite.

To show that 222’(552‘)'+ Egﬂ'(é ’ §°) ig homotopic to 0 if
* L] . """‘i j """i j"""l .
B ~ ¢ 1is, note that we have maps Hom(A ",B”) » Hom(a ~,C ) in-
duced from a homotopy EJ -+ gJ“ , and the compositions
Hon(a™,37) ——>tom(a,¢"
Hom(a ™ 1,8 — Hom(@ ¢
commute, hence these give chain maps Hgg(é.,gj) - Egg(é',gjul} . For

a fized éﬁl , it is easily verified that the maps
Hom(A.u1 BJ) > Hom(A jml) give a homotopy of the maps induced by

+~ C , to zero. The lemma then gives the result.

Given a map A - D we can also construct an induced chain map

- - Ll - L] .

Hom (D ,B ) + Hom (A ,B ) in a similar manner, and an analogous appli-
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cation of the above lemma shows that this map is homotopic to 0 if

+D is .

i

+

We then have two functors, 5&5.(é.>') : Kb(X) +~Kb(X) and
Egg'(°,g.) : Kb(X) - Kb(x) , the first covariant and the second con-

travariant.

For

[

,B € 5(X) let Hom(A,B) be the vector space of all sheaf

maps A >

[ll=x

»  Then Hom(A,B) = I'(X,Hom(A,B)) , and we have functors
Hom(4,*) and Hom(',g) 1 S{(X) » VS . Just as with ﬁgg. ., we can form

a chain complex of vector spaces Homo(é.,go) for é‘,B. € Kb(X) , and

this gives rise to functors Hom'(é‘,-) : Kb(X) +‘Kb(VS) and

Hom' (+,8) : KP(X) » KO(VS) .

Theorem 2.1.3: There are isomerphisms Hom b (
K (X)
HO(Hom.(é',E )) which commute with the functors Hom b (*,B ) ,
0 - L] L3 0 - - K (X)
H (Hom (+,B )) , Hom b (4 ,*) , and H (Hom (A& ,*)) .
K™ {X)

Proof: When forming single complexes from double complexes, we

i (ml)l+j+l ]

will use the sign convention uij =41 ¥ i,j and UZ

Let D be the boundary maps of Hom°(é.,§°) and let

. ()

h ¢ Hom (é.,g') . Then the component of Doh. in Hom(él,§1+l

) is

ggi’idihi + gii"l’i+1hi+ldi R e P T T
only if h° is a chain map. If t’ e Homml(é‘,g') , then the compo-
nent of Dmlt. in Hom(éi,gi) is p;i’imldi_lti + pzi_l’iti+ldi
(where tirg Hom(éi,gi—l) Y = dimlti + ti+1di . Then h  « KerDO is



bl

in Im(D—i) if and only if h is homotopic to zero. Therefore, the
@ » 0 - - L)
map Hom b (A ,B)>H (Hom (A ,B )) which takes

. K (X) o o ]
ih 7 € Hom b (4 ,B) to the class represented by h e Homo(g »B )

if g B >¢C is a chain map, then the diagram

Hom b (é.,g.)m——mwyﬂo(ﬂom.

(
K™ (X) L
. e 0 Joo .

comnutes, since [h ] ¢ Hom b (& ,g.) goes to the element of

HO(Hom.(é.,E.)) represented by g'h.'e Home(é.,g‘) , by either path.
The fact that the isomorphisms commute with the contravariant fumnctors

follows similarly.

Given é.,g. € Kb(X) , we define the tensor product

2 Q- £ Kb(X) to be the associated single complex of the double com-

il

* -

plex which has él 8B as its ijgh-entxy. Given a chain map

- - L [ ] L]

B + g° , there is an associated chain map A BB B A RC , and it

follows from lemma 2.1.2 that if g. - g' is homotopic to zero, then

L3 ® -

BB ~A B g. is homotopic to zero. We then have a covariant

=

functor é. B e KP(X) - Kb(X) . In the Ssme manner, we can form a

covariant functor °'®-§. ! Kb(X) - Kb(X) .
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Tn lemmas 2.1.4-2.1.7, all maps are in Kb(X) . Hence two maps

and g are homotopic.

f,g are equal if chain maps representing £

Note that since homotopic maps induce the same maps on stalk cohomolo~—
gy, the notion of quasi-isomorphism is well~defined in Kb(X) .

Lemma 2.1.4: Let £ : é. > g. . 8 % é. »> g' be maps in Kb(X) ,

g a quasi-isomorphism. Then there exists a Q. € Kb(X) and maps

T o: g. > Q' sy 51 §° - Q. s, 8 a quasiwisomﬂfphism, such that sf = rg.
é,_mg%bgﬁ
1 I
g | q.i
¥
g‘uwr_ ]W_:Eu

The statement also holds if the directions of all the maps are re-

versed.

Proof: See [Iv], Chapter 1, Proposition 7.1.

Lemma 2.1.5: (i) Let I : é. - g. be a map in Kb(X) where

.) =0 for all i , and ;0 is a complex of injective sheaves.

i

[z

(A
Then £ =0 .
(i) If f :

jective sheaves, and El(é-) = Q¥ i, thenh £

. é' is a map in Kb(X) , g' a complex of pro-

=0 .

i+
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Proof: (i) We need to show that if £ é. + 1 is a chain

map with é. and i' as above, then £ is homotopic to zero. Sup-

pose sheaf maps £h e é} - £1~1 have been constructed for 1 =n so
chat ar et 4 gt o #5 for i <n . Then et -
dnwl(fnwl _ dantn—l) - dn-lfnwl " fndnwl . s0 £ dn«--ltn -0 on

gg(dnpl) = ggr(dn) . Then both a"  and T dn—‘ltn can be factored

through éplggg(dn) as shown in the diagram.

o fn“dnmltn "
g — —>
Py
x /
n n /
d 4 /Kex(d) Y,
y s
-+l
E“ ig an inclusion, so there is a map tm_:L such that t“+1&“ =1 .
Then th'dn = tn+LEnﬂ = rfl = fnmdnmltn , and hence £ o=

tn+1dn+&n-~ltn

-

Since A and L are bounded, this process constructs a homo—

topy £ =~ 0 . The proof of (ii) is similarx.

Temma 2.1.6: If £ : ;f + éo is a quasi-isomorphism in K@(X)

with 1. a complex of injective sheaves, then there is a map

g é' . L' which is the inverse of f (in KP(XJ .




-

Proof: See [H], Chapter 1, Lemma 4.5.

Lemia 2.1.7: (i) Given maps A —»B—EB+I  in K (X , £
a quasi-isomorphism and 2’ a complex of injective sheaves, if

gf =0 , then g=20 . '

(1) 1f P —Esa -t

fie-

fga is in Kb(X) , ¥ a quasi-isomor-

phism, g’ a complex of projective sheaves, and fg = 0, then g = 0.

Proof: (i) We want to show that if é' f ,g. B o1 are

L] L] L

chain maps, f a quasi-isomorphism, and g f is homotopic to zero,
| i-1

then g' is homotopic to zero. Let £ éi + I be such that
dl_lt1 + t1+1dl = glfl . Form the mapping cone M(f.) € Kb(X) where
M(f°)l = é;+l & gl and boundary maps are

il o i

b=
e

(opy B

141

e
N

142

- .

%, s’y -8

There is a short exact sequence O * B réJ[l} >0
of complexes of sheaves and chain maps and it follows from the long

exact sequence associated to this and the fact that £ dis a quasi-




isomorphism that gi(M(f')) =0V di.

Py

We can define maps n o M(fn)1 +~ 1" by

and it is easily verified that % is a chain map. Then by lemma

*

2.1.5 (i), R is homotopic to zero. But g can be factored

through M(f.} as g. =ha , S0 g' is homotopic to zero.
The proof of (ii) is similar.

} pefinition: We will call two objects é.,g' € Kb(X) quasi-

isomorphic if there is a g. € Kb(X) and quasi-isomorphisms

-

£:¢0 * é. and g : g' - g‘ . It follows from lemma 2.1.4 that this

is an equivalence relation, and that an equivalent definition is
acquired if the direction of the maps f and g are reversed in the

statement above. We will denote the relation by é' d= E. .

§2.2 The Derived Category

b
Let INJb(X) be the full subcategory of K (X) consisting of

complexes of injective sheaves, i.e., the subcategory where
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Hom b (£ sd } = Hom b (g',g.) . An immediate consequence of
INT (X) K (X

jemma 2.1.6 is that the isomorphisms in INJb(X) are exactly the

quasi-isomorphisms. Unfortunately, this does not hold for Kb(X) -

not all quasi-isomorphisms are invertible. However, since every.ele-

ment of Kb(X) has an injective resolution, there is a patural way

to form a category ¥ equivalent to INJb(X) whose objects are the

game as Kb(X) , and where objects are isomorphic if and only if

they're quasi-isomorphic. Given é‘,g‘ ¢ € , let Hdm%?(é‘,é')

consist of all diagrams

p=
lw
e

s
lw-
Hem

in Kb(X) s ;. and g' injective complexes and h and Kk quasi-
isomorphisms, where two diagrams are identified if one can construct

a commutative diagram (in Kb(X) } as follows:




fl

vl
w \

By lemma 2.1.6, this identification 1s an equivalence relation.

Given injective resolutions A ——Eewl{ and §.~ME¥>QO , we claim

that the map Hom (g.,g')—%>ﬂom1%&é°,§') which sends f to
INT (X)

A ——%L ——>J <—=B is a bijection, and for different injective

©

resolutions é. > I B - z , there are canonical isomorphisms
Hom (gt,g.)uwrﬁom b (z',z.) commuting with the above maps.
ING (X) IRT (%)

- - L ' o ¥
To see this, given quasi-isomorphisms é.w—Ee>£ and & wjl—%-é s

by lemma 2.1.4 we can construct a diagram
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A

with s a quasi-isomorphism. Then T~ would be forced to be a quasi-
jsomorphism as well. We can further assume that g. ig an Injective

complex, since 1f it isn't, we can resolve 1t ianto one. Therefore we

have a guasi-isomorphism sulr 1 I~ g' commuting with h and h'.

1f g, :1 +1 both comuted with h and h' , then 7 hen -

h' = Eﬂlﬁh =h , so (E_lg ~id)h = 0 . Then by lemma 2.1.7 (1),

1 X o~
g g=1id , s0 g=g -

. . s . *« h . e Rt ~e ° -
Given injective resolutions 4 ——=1 A —»L , B J o,

.

B +‘§. , let g,g' be the unique maps such that gh = h' and
gk =k' . Let f: ;' -+ g' represent an element of Hom?g(é',go)
via the resolutions h,k . Then there is a unique map, namely g'fgml,

representing the same element via the resolutions h',K' . The claim

then follows, where the canonical map Hom b
. g INT (XD -1
Hom (L ,J ) for the above resolutions, is f—>g'fg = .

INJb(X) ;

To compose two maps, A > B > g° in € , we simply take the

- - N . b
same resolution of B in each case, and compose in INRJ (x) . It's




w5
clear that this process is well-defined.

In the following, a map in Kb(X) wriltten as é.—~gé%V§° will

be taken to be a quasi-isomorphism. If A and g. are isomorphic

in ¥ , we have a diagran é.wwl:—%g"%q%——g. where the middle

map 1s an isomorphism in INJb(X) , i.e., it is a quasi-isomorphism, so

é. 4@ g‘ . If, conversely, there are quasi-isomorphisms
L qi\_ o,qi s . . .
A ~K B , then by resolving K if necessary, we can assume
Eg to be injective. é' and g' are then isomorphic in € since we
et gt 3 g e T . Hemce A" and B

have the diagram. A >

are isomorphic in € if and only if they are quasi-isomorphic.

To see that INJb(X) and € are equivalent, one can verify that

L' > 1)

the functors F : INJb(X) + € by F(;c) = %. , (£

@2y 3 5 and 6 ® > P ® by Q) = the

£

£

standard injective resolution g' of A . (é' r(fé- ‘;g'd\s B ==

L]
(I —==J ) where r,s are the standard resolutions, are inverses as

category equivalences.

The category ¥ i1s, in fact, isomorphic to the derived category

ﬁb(X) , which is more commonly represented in the following form:

Definition: The bounded derived category of X , ﬁb(X) , has as

objects bounded complexes of sheaves on X . A morphism éo ¢A§° in

ﬁb(X) is represented by a pair of maps in Kb(X) s é. -+ guéwﬂ;——§°

for some g° in Kb(X) , the second map being a quasi-isomerphism.

Two representations é° -+ goérgkw-g. and éo > 2'4¢ﬂi;—§. are iden-
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rified if a commutative diagram in Kb(X) can be constructed of the

following form:

ey

/1N

D e T
L1
e
a]
[N

-

[l

il

ey
{ik=r]

L]

An easy application of lemma 2.1.4 shows that this is an equiva-

lence relation.

L) L] Q . - ° -
1wo moyphisms A ~——f-¥~£ WE and 2 ——lc——»g_%% are Ccom—

posed by finding a commutative diagram (leama 2.1.4)

1=

and taking the map é‘ - Q' - £'<%Ei——§.<§ﬂl~mg' . Suppose two differ-

ent squares were formed:




et A 3 gﬁ -

isomorphisms B :
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r
g Y
gt
p' e gt K F
g' v!
qi ,
g’ )

[{Ka}

Ew?—

be an injective resolution. Then we have quasi-

é' and B' E.' -+ ;. where By =B8'y' = A

(apply lemma 2.1.4 to Y and X getting a square of maps with a

fourth element R

Then Rgo = Byk

2.1.7 (i), then,

, and invert the map ;Z——giewg' by lemma 2.1.6).

A =R'y'k=R'8'a , so (Bg-B'gla=0 . By lemma

fg =

B'¢' so we have a commutative diagram

i
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This shows that the composition does not depend on the square
chosen. In a similar mamnner, it can be shown that the composition of
b . s s ;
two D (X) morphisms is independent of the particular representations

. 4¢3£w~§ chosen, and that composition is assoclative.

e

It

There is a functor F : & = Db(X) where F(é.) = én and

Proposition 2.2.1: F is an isomorphism of categories.

Proof: Given A—+D <« 3" cHom, (@B, let & »I
D" (X)
be an injective resolution, and construct a diagram

3 & [ ¥’ - -
As usual, we can assume K is injective. Then
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which is equal to §:~%r2'éri1-m§° because of the diagram

A >L
\E
Now assume we have the two maps é°w~§{4>£.::§:$gi<r§%f“~§" in €

that give the same map under T , i.e., there is a diagram

e

We can assume K is injective. Since there is a unique map

-

J - g' factoring @ through s , we have o =Y . Then
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afr = ogr = 4 , so fr = gr since d is invertible, and hence f = g

by lemma 2.1.7 (i). Then F : Hom%(é-,g‘) <+ Hom

jective, so F 1is an isomorphism of categories.

o’ (%)

Theorem 2.2.2: Given E,E ¢ Hom (é' ,go) , representations
D (X
can be found of each that use the same middle object and quasi-isomor-

phism: £,% - £=X-——+Im}'4rm(£~ lﬁ_’:?: . T+ 3§ can then be formed by adding

the maps é +~D , and 1eaving' the quasi-isomorphism untouched {where

addition is defined so as to correspond to addition in & ).

Proof: The first statement is clear by proposition 2.2.1. To see

the second statement, let % be gilven by é. f?]z)--\zi g. and g be
given by é-—%g.ﬁ——a———g. . Form a diagram

qi

where wl;. and i- are injective complexes, 'er = £'8 , and

vg = g'8 . Then F and § correspond in € to

° L] ' » L] - - t L] -
A 8 I £ J e:{—q'—«“li and A m_w@u%é m_fﬁ___s,.g_ .»Tla—ng , respective-

o~ ~ L] 1 1 - » -
ly, so f + g 1is represented by A (f'te m—}g-: Yo B . GSince

(£'+g")8 = y(£+g) , it follows that %,_;% is also represented by
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. f+ . o -
g'gi‘qi E :

A

There is a functor & : KP(X) +-Db(X) that takes an object to

itself, and takes é'——g%»g' to A £ §° id gﬁ . It is not a

faithful functor.

- L3

Theorem 2.2.3: If £,g : A + B are maps in Kb(X) , then they

represent the same maps in Db(Xj (i.e., F(F) = F(g) ) if and only

if there is a quasi-~isomorphism o« : g. -+ g' guch that of = ag . This

-
.

is also true if and only if there is a quasi-isomorphism j : R +

s

such that £ = g .

L] L]

Proof: Givem f : A =+ B in Kb(X) , there exists a quasi-

.

isomorphism < g. - g. such that of = 0 if and only if there is a

commutative diagram

-

o
£
l1==}
* 02
pda
p
[+

i.e., if and only 1f f represents the 0 map in Db(X) . This shows

the first statement.
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To show the second statement, let §f“~24?éf——£%>§. be a diagram

in KP(X) with £j =0 and 3 a quasi-isomorphism. Then for an in-

jective resolution 1 : B =+ I , iff = 0 , so by lemma 2.1.7 (1),

if = 0 , hence f represents 0 in Db(X) by the first part of the
theorem. Conversely, if f represents 0 in ﬁb(X) , then there 1is

a quasi-isomorphism & E’ > g° with of = 0 . Taking a projective

resolution 3§ : B - é. , we have «afj = 0 , so by lemma 2.1.7 (41),

£5 = 0

b
Remarks: D (X) can also be described as having the same objects,

but morphisme being of the form é.@—ga—-g'->§. , two maps

éiérgi—mg.——%g. 5 é<&gﬁm~2~w>§. being identified if there is a diagram

G
JZ/Ei/,/’ qu
y g =1
gt ql
f.
D

The same construction can be made on V5 , resulting in the de-
rived categoxry Db(VS) . Bowever, since all elements of VS are in-

. b
jective, we have that Db(VS) is isomorphic to K (VS)
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§2.3 Derived Functors

Let ¥ : S(X) ~ S(Y) or F : S(X) ~ VS be a covariant functor,
and F. the induced functor on Kb(X) . F 4o general does not ex-
tend in a simple way to a functor between derived categories, because
F does not necessarily send quasi-isomorphisms to quasi-~isomorphisms,

. . . . - - i -
so it is not clear what morphism to associate to A —-C <§£L——§ .

Instead, one can define the derived functor of F , RF : Db(X) > Db(Y)

il

or RF: 0P + 0P(vs) = K°(vs) ), by RE@Q) = F (I') , where

. The mor-

wwgie»g is the standard injective resolution of

b
11

phisms in Db(X) from é' to B ave given by diagrams

é' qi:_é' £ > o 9d g. where énw——->g. and §°-gi-%gn are the

[

stapdard injective resolutions, so we can define

R°F(é. 9t >£. £ rg.\ qi E.) to be the morphism in Db(Y) represen—

ted by F (f) ¢ Hom, (FL,FJ) .
K (X)

Although we need to choose a fixed resolution for each element of
Kb(X) to make the functor 2'F well-defined (e.g., the standard
resolution), the following theorem will show that the cholce of fixed
injective resolutions is arbitrary, and that in applications where one
is only interested in objects defined up to quasi-isomorphism, it is

not necessary to choose fixed reselutions at all.

Theorem 2.3.1: Given two injective resolutions A ——g%bé s

* ' L]
w~9~%>§' and a functor F defined om 5(X) , there is a canonical

I3

quasi-isomorphism 9y o' FI »FL' . Given a morphism
, =




wfl~

T ¢ Hom b (ét,gn) and injective resolutions §1—~§“fga ,
D (X) -
- 87 '0 ~ . o . f . B *
B ——rJ , let £ be given by A ~——>L —%J <—B and by
L) a" - f' L] B' o
A >T7 I < B . Then the following diagram commutes:
L] - q" t - -
F £ FE
. » q ' L -
F g ———§l§W%>F g' .
proof: There is a unique quasi-isomorphism h : g. + ;'. in

Kb(X) such that ha = o' . Then Fh is invertible since h is in-
vertible, hence F h is a quasi-isomorphism. Let q, .. be Fh .

b
The second statement in the theorem follows from the fact that

-

f'h = kf where k : J - g" is the unique map such that kB = f' .

It should be noted that El , ®Y , and iﬁi extend to functors om
Db(X) : §1 will associate to éi——vg'é—gaw-g° the sheaf map
i e i - \ . . i, - ie = 4 -
H'A »~H'C acquired from the induced diagram H A —>H B <—H C

by inverting the isomorphism. Since quasi-isomorphisms induce isomor-
i i .
phisms on hypercohomology, the functors on H  and THC can be defined

in the same way.

IF F : 8(X) » 5(Y) , we write R¥F Db(X) + 8(Y¥) for the func-




62~

tor H o RF . If ¥ : S(X) > VS, then RF : pP(x) + v§ will be

the functor Hl °.R.F .

Remark: When working with the functor Rff, , one generally wants
to consider only cell maps satisfying further conditions given in'83.3.
These conditions are im particular needed to have R‘f! correspond to
the functor RnfE used in the conventional theory of derived categor-

ies.

*
Tt follows immediately from the definition that £ : Kb(Y) -+
&
Kb(X) preserves quasi-isomorphisms, so we can extend f to a func-

® .
tor on Db(Y) directly-—let f (A ) be the same as before and
* *
= M ° foe * o -
Bog'e B De 0 LR 5% . It ds clear that

*
£ (a

if two diagrams éﬂ~%-g.4w€———§. and éf—4r2.<¢§{—~§‘ represent the

}-l

%
same morphism in ﬁb(X) then their images under £ represent the

% & %
same map, and that f (hek) = (£ h)e(f k) .

-

Given T @ + §° a map in P , ¥ given in € by

Hbd

: %i ~1° LI '<9§%7—§. , o and B being standard injective reso-

iutions, it can be checked that B¥ = & in Db(X) where B,r , and

>
1§ m

o, are taken to be the morphisms in Db(X) they represent. We then

have a commutative diagram in ﬁb(X) ,
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*

% o . « %k e
AP LI L
X *

£ rl fr

‘ %

. fB E - « K e
fEng=Rf§_ .

% . &
Hence the fumctors f and R f  are the same, up to & natural

%
transformation given by the quasi-isomorphisms £ o .

® and Rhggg

Given Lwo elements é‘,Boze‘ﬁb(X) , we would like to define

é' 8 E' € Db(X) and R.ggg(é-,g') € Db(X) in such a way that to each
correspondence §¥~ﬁré° a g' . él——réa & g. . EEW%*R‘EQQ(Q~,E°) , and
é“m—*R.Egg(é.,g.) , we can in a natural way assoclate a functor on

Db(X) that maps objects in the prescribed way {the first three co-

wariant, the last one contravariant) .

Defining é. 2] g' oR Db(X) is straightforward, once we have

the following lemma:

Lemma 2.3.2: A quasi-isomorphism g. B o in Kb(X) induces

quasi-isomorphisms é. 8 §'~—ﬂi%>é. & g‘ and g' 8 A‘——ﬂ&ﬁ> "B A in

ey
=

K2 (x) .
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proof: A g.i. (i.e., a quasi-isomorphism) B -Lsg  between
complexes of vector spaces induecés a2'q.i. A8 B E A B ¢ for A a sin-
gle~vector space, so it follows immediately that a chain map B WEE%C.

between chain complexes of sheaves induces a q.1. A8 B ~gl>A 8 : » A

[Hen}

a sheaf. Given E:%gﬁ§g° and é° € K (X) , the map being represented by

a chain map £, the induced map A. B th—%g. B g. is acquired by

3 ‘
forming the double complex map A B 33 ldgf*éﬁél B C

+

3

and taking the

associated'map on single complexes. But since for a figxed 1 ,

i idef .

A" B % —*-—MF%-§ 8C 1is a g.i. it follows from Theorem 1.2.3 that
é. 2] E' -+ é. 8 E' is 'a g.iL. The proef that gcw_ﬂiJ?g' induces a

: ﬁ—gin "8 g. is the same,

fa
He
itod
@&
[thg
e

We can now define é. 8 §‘ in Db(X) to be the same as in

Kb(X) , and have the map B-—m¢D 4_§£w C induce a map

g’ 9B -—+A B8D<2—A ®C . Similarly, AeD «Fg will in-
duce é' 8B D ¥ B4———C( ® E' . As with f* , it is easy to see
that this is well-defined, i.e., different representations of the same
Db(X) map give representatioms of the same map, that this process isg
compatible with composing Db(X) maps, and that the two functors
éﬁ—m%én 8 g. and §'-$é° 8 gt are the same (up to g.f. 2% their de-.

rived functors.

Tt will be necessary to do a derived functor construction on

Hom , as the two Hg functors do mot in general preserve ¢.i.'s.

F-—on oy ——

Definition: R Hom(A ,B ) = Hom A ,I.) where B ;' is the




—65 -
standard iniective resolution.

This defines a natural covariant functor R Ho (é.,°} on Db(X) R

Lo

where 3 1 =] % ¢ gives rise to

Hom (A",1)—L>fon (4",57) , f, finduced by F . As with previous

.
derived functors, given two injective resolutions 3§

and

i

-

=

+ I' , there is a canonical guasi-isomorphism

‘Hom(é‘,;o)ﬂwgiééﬁgg(g.,g'o) , and these quasi-isomorphisms give a

natural transformation between functors E'*ﬁhRfHom(é ,E.) defined in

" terms of different fixed choices of injective resolutions.

>

Theorem 2.2.3: (i) If 1 is an injective complex and é. + C

L

is a quasgi-isomorphisa in Kb(X) , then the induced map

Egg.(g.,gn) -+ gomf(éo,g‘) is a quasi-isomorphism.

-

(i1) If P is a projective complex, then the in-

duced map ﬁgg'(g‘,go) + Hom

o
,C ) 1is a quasi-isomorphism.

{Eav]

Proof: (i) We may assume that £ : A > € igs a chain map, and

show that the induced chain map is q.1. By Theorem 1.2.3, it will

1]

suffice to show that £ : A —3~C’ induces a 4.i.
1) for 1 a single injective sheaf., Fur-
and Hom® and the induced chain map are

thermore, since I=9 [Oi]

. v
compatible with this decomposition, we may assume that I = Lol .

For T $ g, ggg.(g.,[d}v)(f) and ggg.(é.,icjv)(r) are both the
#

O-complex, so f is a q.i. over these cells. let T 50 . Then
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ggéi(é.,[ﬁjv)(T) = all sets of compatible maps

{hY : éi(Y) + V|t £v = g} . It's clear there 1s a unique such set for
every element of Hom(éi(ﬁ),V) (given o € Hom(éi(ﬁ),V) , let

hY = 0 pY’g }, so we have that Hom(éi(c),v) o gggwi(é.,[cjv)(T) .

Tt's also easily checked that these isomorphisms are compatible with
the boundary maps in gggu(é‘,[G]V)CT) and the chain map f# aver T ,
i.e. the diagram fi : gggo(g.,[cjv)(T) > Egg'(é',{GEV)(T) is isomor—
phic to Homf(g‘(o),V) > Hom.(é.(d),v) where all maps are the natural~
ly induced ones. But én(o) - g‘(ﬁ} being a ¢.l. implies that this is
a q.i. since on the categotry of vector spaces, Hom(.,V) 1is an exact

functor.

The proof of (1i) is similar.
Theorem 2.3.3 (ii) gives us,

Corollary 2.3.4: If g' is a projective complex, then

R'Eom(z 8 & pom 2',8) -

We now define a contravariant functor é};u%Raﬂom(év,gﬂ) by send-

ing the“map~é:4£%£iﬁgig‘ to the ﬁb(X) map glven by the composition
° . " Cg'# ® . ° f# [ ° . . -
Bon” (¢, 1)) <5 Hon' (2,1 )——>Hom (&",L) where B > 1 s the

standard injective resolution ( u# is a quasi-isomorphism by theorem
2.3.3 (i)). By the remark at the end of §2.2, two diagrams of the form
é'_@>9°<rﬂi_—g' that represent the same Db(X) map will induce the

same Db(X) maps when the functor Egg.(°,;.) is applied.
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We can also form RﬁHom(é.,ga) = Hom(Aa,;.) for g. + 1 the
standard injective resolution in the same way. All of the above con—
structions and theorems for R'ggg apply for R.Hom , and the proofs

are identicsal.

We will write gégl(é.,g ) = 1 {é ,E’) = gl(R.Hom(é.,é.)) and

“s

Ext (A ,B") = RHom(s ,B) = 7 (R Hom(a",B))) .

o » -

Lemma 2.3.5: If 1  is an injective complex, then Ho Hom(A ,I )

is an injective complex.
Proof: It can be verified that ggg(é,foﬂv) = {U]Hom(é(o),V)

The lemma follows immdediately from this.

Theorem 2.3.6: (1) KT =W ) ana ®T (4= H.@AD

(i) R'Hom(A ,B") g¢& R T(R'Hom(a ,B))

(141) Exto(a",30) = B (R'Hom(a’,B"))

(iv) Hom . (& ,B') % Ext"(A",B)

P (X)

=g
==

3

Proof: (i)} This is just theorem 1.4.2.

(i1) RTR'Hom(a ,87)) & R'T(Hom (4™,I)) for

e
4
(1}

and injective resolution, e T'(ggg (é ,g.)) by lemma 2.3.5,

= Hom (A ,1) B R Hom(4 ,B') -

(1i1) Ext (A",B7) = Hl(R'Hom(A',E ))

R R TR Hom(a,B))) by (i), = W (R'Eem(a",BD) by (D).

(iv) Given injective resolutions A L and B - J

we have Hom b (é”,g') ¥ Hom b (Ef,g°) = Hom'b (L .,J)=
n{xX) D (X) B (X)
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Exto(é’,goj by theorem 2.l1.3.

2.4 Truncation Functors

We will define two new functors ”T<p : Db(X) + Db(X} and

b
P Db(X) - Db(X) for p ¢ Z , which will "truncate"” the stalk co-

homology of elements of Db(X) : specifically, we will have

=
e,
ol
1A
k=]

A :

i

z
These conditions come close to characterizing T<p and TP s

as the following lemma shows.

Lemma 2.4.1: Let T,T' : Db(X) - Db(X) be functors with natural
transformations id -~ T , id ~ 7' (respectively T > id , T' =+ 1d )
such that glfé. =H1'A =0 for 1 < p (respectively 1 > p ) and

-

+ 1A, A'+T'A  induce isomorphisms HA +E T4

1=

gléf - ElT'é. for i 2z p (respectively i <p ). Then 1,7’ are

isomorphic as functors, i.e., there is a natural transformation

T + 7' where the maps Téa - T‘é. are isomorphisms (in Db(X) Y.

Proof: To prove the first statement (where there are transorma-

tions id » T ), apply T to A -~ T'é. , getting a map ’té° + TT'A .

The stalk cohomology of these sheaves is 0 in degrees i < p , and




for i 2z p we have the diagram

i 1>

which gives

o
o
ﬁ;

i

so H1A +H tt'A is an isomorphism. Then Té. - TT'é' is a q.1-

We also have a map T'é. - T(T'é-) which induces isomorphisms on stalk

cohomology for degrees = p , and ElT'é. = HlTT'é. =0 for 1 <p,
- eql v gl 4,0

so this is a ¢.l. We then have a q.i. TA —7TT A &«—T A in

ﬁb(X) , and it's clear that these maps commute with induced maps

Té- +~B , 1A +T'B .
The proof of the other statement is similar.

e
We can easily define functors TSP and T°F satisfying the
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. p-2 ap'z p-1 5P P
above_; let T<p(é ) r o e -—)—é m,._‘f..é ___mw.‘?rﬁwgz_za - O -3 O S new
. 1 3P ptl
and '{ap(é ) = wsew-3>[} > O - :Q__‘O.__;,kap i 3 > ép.{—l a }ﬁp—i“z i B

L] L] L]

There are canonical maps T{pé + A and é. - TZPQ and given a

r

chain map A ~ B there is a natural way to define maps

Tspé' > Tspg‘ and TZpé. - T2p§° . Maps homotopic Fo zero go to maps
homotopic to zero, &0 Tsp and sz are defined on Kb(X) . Finally,
TSP and TP take q.1.'s to g-1.'5 so these functors make sense in
P .

We could also define the functors as follows:

p-1 P
~ - p-1 9 p 9 p
T-(?(é') N _A..;' _______,__W%é _P__._%.Lt.ga Y O > 0 3 eee
~ . _ p-1 p
sz(é) = s —)-Oﬁ;»[)—y‘g!—“nap 1_09 ?_ép 3 \F.uép+1m) e

o

- Nz-i)
> A and A > T A, and these

functors extend naturally to Db(X) . To see that Tgpé ~ﬂh—e»?$p

There are canonical maps T<pé

L]

3=

zp,.* qi  ~2p . s
and T "A ——=T “A , one can easily explicitly set up a chain map

between them, or nmote that the fact follows from the above theorem.
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CHAPTER THREE

DUALITY

§3.1. The Category D?(XJ

Let X be a cell complex, and let Sf(X)fgs(XD be the subcate-
gory of sheaves A with dim A(@)<» ¥ 0 e X . We can then let K?(X)_E
Kb(X) be the category of bounded chain complexes of elements of
Sf(X) , with morphisms being chain maps modulo chain maps homotopic to
zero. If we replace 8(X) with Sf(X) and Kb(X) with KZ(X) , all
theorems and proofs in Chapter 1 and §2.1 are still valid; in particu~
lar, the functors described preserve the finite~dimensionality of
stalks, and injectives are shéaves isomorphic to UQX[03VG with Vg

being finite-dimensional vector spaces (similarly for projective

sheaves).

The comstructions of §2.2 can be made with Sf(X) , resulting in
the derived category D?(X) . Hence the objects of D?(X) are those
of KZ(X) and morphisms are represented by diagrams -é°m;?§‘4ﬂi*\g‘
in KZ(X) where diagrams are identified in the same manner as in
Db{X) . All the theorems and proofs in Chapter 2 are valid if ﬁb(X)

is replaced with D?(X)

There is a functor 1 : D?(X) > Db(X) which takes an object to

itgelf and the morphism represented by 'é{—aﬁgué—gi~ E. in DZ(X) to

the morphism in Db(X) represented by the same diagram.
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Theorem 3.1.1: The functor 1 is fully faithful.

Proof: We want to show that Hom b (éf,g‘) > Hom.b (éo,g')
D (X) D™ (X)
is bijective.. Given f in Db(X) represented by é’—ﬁ~c 493__h§ , let
§° »-5' "be an injective resolution in EZ(X) . We can then construct

a diagram

f:‘Ji\a
gg)i/

!HP.
il -é--“-w il

. ) qi »

S0 mipe L & B ig a morphism in D?(X) representing ¥ . We can

lie
=

use a similar argument to show that if two diagrams é°—4>g.@@iw—-§.
in D2(X) are identified in pP(X) then they are identified in

b
Df(X) .

Theorem 3.1.1 shows that we can counsider D?(X) as a full sub-
category of Db(X) .

Lemma 3.1.2: Let V' be a chain complex of vector spaces with
dim B (V) <o ¥ 1 and for each i let A" € V' be a finite-dimen-
gsional subspace. Then there is a subcomplex W §~V° with At E_Wl

and dim W~ <o ¥V i , such that W =V is a quasi~isomorphism.




.;..;.733__.

Proof: We can find subspaces ﬂi E_ker(Bi) such that T
is a quasi-isomorphism, where the boundary maps of H‘ are 0 . Then
dim Hi = dim Hi(Vu) < e , g0 by replacing A? with Ai + Hi , We can
assume that Hi E_Ai . We cam further assume that A is a subcom~
1ol ly | mina 1" < A’

"

plex of v by replacing A" with A"+ a”
for each i where A" nal*l(vl“l)z ék—l(A1“1)$'rl , and then find

Sldl'f,vl~1 where 31—1(Slul) =T and 81_1 1ol ig one-to—one.

A + 8 1is then a subcomplex of V  with dim%Aé + Si) <o , The
composition B e—s A + §"=sv" shows that Hi(A' + S') > Hi(V') is
surjective. To see that this map is injective, let ats ¢ Ai + Si be
in Im(ai_l) . Then Bi(a+s) = and since Bi(a) € Bi(Ai) , Bi(s) €
Ti+1 , and Bi(Ai) and Ti+l are independent, we have‘ Bi(a) =

_1) _

. Then

al(s) =0 , so =0 . Hence ats =a € Al a a}_-—l(vj_

8
i-1,,i~-1 i-1

3 y 8 3Lty so ae ol 4 st

(A + 3
Hl(A' + So) +‘H1(V°) is injective, so A"+ 8 ==y is a quasi-

isomorphism.

Theoren 3.1.3: Let DZC(X) be the full subcategory of Db(XD

consisting of objects é. with dim,gl(é‘)(c) <o for all 1 €Z and

o € X . Then the inclusion DE(X)C;*¥32CCX) is an equivalence of

categories.

Proof: This just says that every element of DEC(X) is isomor-—

phic to an element of ﬁ;(x) . Let éu € DEC(X) . We will construct a

L] »

subcomplex of sheaves 3§ S.é‘ in D?(X) with CLwﬁ»é' a quasi-

H1<p]

isomorphism.
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o

We can comstruct §  over the O-skeleton of X by choosing a
subcomplex § (0) € A'(9) with dim $7(0) <= and § (O)S—>A (9)

a quasiwisomorphism for each {-cell ¢ . BSuppose s" has been con—

structed over the (k-1)-skeleton. For T a k-dimensional cell, let

i i - Ai
R- ¢ A (r) be the subspace generated by k/ =
T—= ver oF

is finite dimensional, so by lemma 3.1.2, there is a subcomplex

¢t () . Them E

's

g.(T) E_%.(T) containing the R% where dim §1(T) < o and

e

.(?)CL—e»%f(T) is a quasi-isomorphism. Since the corestriction map
i . .

p% o maps gl(yj into gl(T) , doing this over each k—cell extends §
b4

to the k-skeleton. By induction, this constructs all of §. ,

L

§3.2. Biduality

Definition: Let X be a cell complex. Then the dualizing com-

plex i@é € Db(X} has in degree -i . the sheaf i@;% = & [o] . The
- otex
~i -i+L '
boundary map :EX +‘QX is the zero map between components [0] and

(t1 if T ko and is given by multiplication by [o:T] if T <0 .

Proposition 3.2.1: Different choices of orientations for the

cells of X lead to the same definition of -EX , up to isomorphism.

- L] t '
Proof: Let D, and .@X‘ be the dualizing complexes for two
different choices of orientations. Then there is a chain isomorphism
* * 1 .
D, + Dy which maps [1]1 > [t] by % id , the sign depending on

whether the orientation choices are the same or different on T .

Theorem 3.2.2: (i) im—l(ngé) = HES(IXI,Q) = homology with
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closed supports or Borel-Moore homology.

(ii) ]H;%XJQ%? = Hi(IXi,Q) = prdinary homology.

proof: (i) follows from the fact that ]@% is an injective com-—
plex, so H (5,0)) = B (I (X,py) , and I"H(XD,) is exactly the

group of i-dimensional regular (W chains with closed support on [XI.

Tf X 1is compact, (ii) is clear by the same reasoning as in (i).
Otherwise, let X u {p} = X be the'ongwpoint compactification of X .

Then lE - st(p)| is a deformation retract of [X[ » S0

He

— ISR S N
B, (2[, = B (X - st |, = B &D) FH XDy -

Lemma 3.2.3: Let X = T be a compzet cell complex consisting of
a cell o and its faces. Let 7Y <0 be a proper face and let

S; E_C.(X,g} be the subcomplex

« e - & Q_—_} 133 Q_;..-; .
k
Tkest(Y) T +1est(y)

Then S; is exact.

Proof: We have a short exact segquence of chain complexes
0 - s; > ¢ (%,0) + ¢ (Xst(y),® > 0 .

Hl(X,Q) is the (W cohomology of ]Xl , hence is 0 for i >0, and




76

Hl(X—st(Y),g) is the (W cohomology of !X - st(y)l which is the de—
formation retract of |X| minus a point on its boundary, so it is
also 0 for i >0 ., Since the map ['(X,Q) + I'(X%-st(y},9) by re-

I . . . . 0
striction of sections is an isomorphism, we have that H (X,Q) ~

HO(X—st(Y),Q) is an isomorphism. The lemma now follows from the long

exact sequence associated to the above short exact sequence.

Definition: Given é' € Db(X) ., the dual of é‘ is defined to be

DA = R‘ggg(éngg') = ggg'(é JQX) (since ]Qi is injective). D is

then a contravariant functor D : Db(X) > ﬁb(X) .

Theorem 3.2.4(Biduality): For é. € DZ(X) , we have A L DDé..

Proof: It suffices to show the result for an injective complex

I e DE;(X) .

. v
We begin with the case of a single elementary injective [o]

with dim ¢ = ¢ . ggg.(ﬂd]v;gé) has in degree -k ,the sheaf

" - .
Egg([ﬁ]v, 2 {Tk3) = k@ [Tkﬁv , and the component maps
T X T g

vk vk . : o )
[t1" » [v] for Y < T S0 are given by multiplication by [7:yl .
The dual of this is given by a double complex which has in position

* ' &
(n,-m) , the sheaf Hom( n@ [Tn]V , & fym]) = 8 [Ym}vn (the
T =0 Y eX Y =T S0 T
subscript ™ is peing used onmly to distinguish different copies of
k%

[v] y. It's easily seen that all component maps in the double com-

plex are given by multiplication by orientation: given

Am—l < Ym < ™ <g

, we have component map




. i

*ok m .m=1 ek
[ijvn Oy = ] >=[Am_1lv and given ym <1t < un+l L0, we
T T
ok ntl n #k
have component map [ijvn [u i1 =;£ijvn+1 . Hence DD[UEV is
T W )

given by the following (the ordered pair gives the position in the

double complex}:

{o,0) v* ¥

O Mr’%’ssm}” — 0

020 8wl —o
=T ¢ ‘L !4'{‘&1
o : :
J | 4 Jf
o —TE ol ey @ol B ol o
\ J ) b
O — ESI"" - U%:?"‘] B 4 E?r) ¥ :: - 1§?r Er ]: —0

d l \’ l
0 o o o
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It follows from lemma 3.2.3 that every column except the -—rth

&

is exact. If we think of [63V as a double complex with 0 in all
. ok

t .. s v

but the (-r,r) b position, then we have a map T : DDlo] %'{U]V
of double complexes that gives a quasi-isomorphism between columns.

Then this map is a‘quasiﬂiéomorphism between associated single com-

%
plexes, and hence o1’ 4 DD[G]V .

&%
We will now consider EGEV and DD[G]v as single complexes,

where the sign convention used to form a single complex from a double

complex is {J ;J} , k=1,2 , where U;J = +]1 ¥ i,j and uij =
. 1 ‘ V:Wc v
(*l)n+m+ . We define a map iU : Lol -+ DDLo} comsisting, in de-
ek %k

gree 0 , of componment maps [63V > EY3¥ given by the identity map

for each Y $ 0 . To check that this is a chain map, we must show that
Fedke

the composition EO]V > (DD[G]vjo -+ (DD[C}]V)l iz 0 . @Given a sum-
*k
mand {y}v of (DD[G]V)1 (hence Yy <. T < 0 ), the component map
N . L
[O]v > [ng is the sum of two maps:

wk

#k
v

v
+ [Y}Y
**’///* \\\:QA
v
[o] [yET
\\\<t\% ///j/;(
V**
ET]T




Each map in the diagram is given by multiplication by #1  as in-
dicated. But the sum of these is 0 , so iU is a chain map.

v i v_w v
Note that the composition [0l ——2> pplo] —* [g] (@

L -
induced from ¥ ) is the identity and # is a quasi-isomorphism,

hence io is a quasi-isomorphism.

V> W ., This in-

Now let o : EOEV *> [k]w be a map given by a

duces 4 : DDEUBV +'DD[R3W which, for un < " < A £0 , has component
V ! e . . ‘ . #¥

map EU 3 + [l n B position (-n,m) -given by a {all other
’E T

component maps are 0 ). 1It's clear that we have a commutative diagram

% ) ik
where O is given by a .

Lf

i

is an injective complex, then DDE. is given by a triple

complex, or a single complex of double complexes of the form
v

GgXDD[G] O . Then by using the quasi-isomorphisms ig constructed

Rk o I3 . ..
above, we can define a map 1 : 1 + DDL  where 1 is the injec—
B - wofe

]

tive complex which replaces each summand EO] in lu with [o]

Fok
and each component map « [0] +~[T] with o . It follows from
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c g . . . 1

theorem 1.2.3 that i is an isomorphism. But since the I° have fi-
V** fx -

nite~dimensional stalks, the components fo] of I are isomor-

® o kX
phic to (o1’ , so 1 =

. The result now follows.

il
il

' . o ki
Remark: Given A ¢ Db(X) we can define A € Db(X) by -let-

o hk ° k&
ting (& Y(@) = (A& (a}) . This construction is consistent with the

LS 1.4 "
construction of I made in the above proof for

li

"an injective

Fok : :
complex. Since VsV is an exact functor on the category of vec-

£ L3
tor spaces, given a quasi-isomorphism A =+ B , the induced map

T o 0k
+ B is a quasi-isomorphism. Then it follows from the above

. o Rk i -
proof that for A e Bb(X) , we have A4 2 DbA  since

s AR i e kR i .
AL 7T ooz

-

A I DDé° for éﬁ > £~ an injective resolu-

tion.

. . y
§3.3. The Functors R f, and £

In general, it will be necessary to assume further conditions
on cellular maps £ : X+ Y when working with the functor R.f! . In
particular, these conditions will imply that R.fI corresponds to the

functor R T, used in the standard theory of derived categories.

Definition: A cellular map £ : X > Y ig called a fibred cel-

iular map if:

li

(i) given 0 ¢ X with £(0) T , there is a homeomorphism
no: fe] % 1] 4~§f_1(T) no| commuting with f and the projection
lc| x |t} » |t| , where C ds a cell complex and the cells of

£1t) nG are exactly the sets h(ly| x |t]) for Yy e C, and
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It
=]

(ii) given 0 e X and ¥y ¢ !f(o)] , then Hi(fnl(y) n ]5},@)

for 1 40 .

Remark: It follows immediately from theorem 3.3.1 below (which
useé only condition (i) of the definition of a fiﬁred map) that condi-
tion (ii) can be stated purely in terms of the celiular structures of
X and Y :

(ii") Given O £ X and Xr < f(g) , the following chain complex
is exact except in dégree r , where the boundary maps are defined

similarly to those in C;(X,Q) .

deg.k deg.k+1
s v e —-—-«#— @» ‘ Q-—-m-zy- @ Q—wm.ap..oo
vrso vt
Ko +1.,
£y = £y =

Theorem 3.3.1: Given a fibred cellular map f : X+ Y and

T € Y , there is a homeomorphism h : [c] = |t! +~f_l(|t[) commuting
with £ : f“l(iT]) -+ ]T] and the projection ‘C] X ]T[ > 1T[ , where
C is a cell complex and the cells of f“l(111) are exactly the sets

n(]y} x {t]) for v e C.

Proof: We will use induction on the dimension of X . Iif
-1 .
dim X = dim T , then f “(1) is a disjoint union of copies of T , so

the theorem follows easily.

Assuming the result for dim X =k , let dim X = ktl , and let
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%' be a k-skeleton of X (note that the skeletoms of a cell complex
are cell complexes since if C © X is closed, and |X| u f=} is the
one-point compactification of |%] , then icl u {»} is the onme—point
compactification of ]C[ ). We then have a homeomorphism

oAl x|t > [fﬁl(?) n X'} as in the statement of the theorem, for
a cell complex A . Let ¢ be a (k+l)-cell of ¥ with f£(o) = 1t and
¢ a similar homeomorphism g : lc] IT| > ;fﬁl(T) n 51 . Them C is

a cell complex with a cell vy € C such that C = ?h.

Let K_E A be the subset consisting of those cells Y € A where
the cell h{|p} x |€!) is a proper face of o . If 0 £ )X € Iy ; then
by continuity h(la| x |t]) 4is a proper facé of ¢ , so |KI is
ciosed in ]A[ , hence A iz a subcomplex. We then have a homeomor-

phism
‘ -1 "
T = (glp CIXITI) ° (h‘{Kixlf[) Al x| > Bef x|t

commuting with projection maps [K] X [T] > ]II and p GI ® |T| > |T|
where 3¢ is the subcomplex C - {y} of ¢, and where the corre-
spondence s : A+ 3C given by |s(u| x {y} = r(fu] {y}) is the

same for any y € 7| .

Suppose C is mol compact. It's easily checked that r extends
to a continuous map r : (JA] u {=}) x |t} = (Pc| v =} x [t] where

[ u {=} and Pc| v {®} are one-point compactifications, by letting
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B¢l u {*} is homeomorphic to a sphere

HH

;(m,y) = (2,y) . !K[ u {eo}
of dimension dim ¢ - dim T - 1 , so we can attach a cell A of dimen-

sion dimo — dim T to A U {»} , resulting in a compact cell complex

B u {o} =X . We can always extend a homeomorphism s Xfmk > 5% x ﬂk
that commutes with the projection § x'mg 44&% to a homeomorphism

-+l k 1

N S 1.k k

X IRk commuting with the ?rojection Bn+ * R IR

by extending each s® x {y} » 8™ x {y} along radial lines. Hence we
have an extension of r to rgljﬁw}[><|T|"%%}CljﬂW}]><}fi?whith restricts
to ¢’ :lglx[Tli%+lC| X‘lTl , t' an extension of ¥ . If C is com-
pact, by the same kind of reasoning we can again find an extension

r' o [EI X [TIEE%IC] x |t] of r where B is the complex A with a

(dimg-dimt)-cell attached.

A and B together form a cell complex B = A U B where
Aa B =A (this will be a cell complex since ]A[ and |E] are closed
in |B| , hence if {B] u {»} is the one-point compactification of
8] , then {A| u f} and |B| u =} < |B] u {=} are also one-point

compactifications). Note that om |A] % {z| the homeomorphism g ° r’

is g °.gm1 °h=h, so h and g° x'

combine to form a homeomor—
phism h' : |B[ X ]Tlmw—%}wf—l(T) n (X' u {O})‘ commuting with £ and
the projection map [Bl ® !Tl +-]T|, where the cells of

fﬁl(T) n (x' v {o}) are exactly the sets h'(}Yl b ITI) for Y € B .

Applying this process to each (k+1)-ecell in X shows that the

theorem holds for X . Then the theorem follows by induction.
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Remark: If f : X~ Y and g : Y+ Z are fibred cellular maps,
it does not necessarily follow that gf is a fibred map. For example,
let Y be the closed 2-simplex with an extra O-cell put on one o% its
1-dimensional faces ¢ , and let X =Y - W where W is the union of
the closures of the other two l-dimensional faces. Let Z be the
closed l-simplex, and let g : ¥ > Z be the simplicial map of the 2-
simplex to the l-simplex which sends the vertices of ¢ to one vertex
of 7 and the third vertex of Y to the other vertex of Z . Let

F:%¥->Y be the inclusion. Then £ and g are fibred maps, but gf

is not, since the fibres do not have the structure of a cell complex.

Tt is not clear whether or not the composition of two cellular

maps is cellular.

For fibred maps, we have the following basic relation between RE,

and Rf* .

Theorem 3.3.2: R'£,4° 2 DR'EDA for 4 enz(x) and

F : X-+Y a fibred cellular map.

Proof: We will show that f,Dg. = Df*g° for 5' an injective
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complex. The result then follows by taking an injective resolution of

é. , and by theorem 3.2.4.

Given v £ Y , let h : ]C[ % [Y[ > f"l([Yl) be a homeomorphism
as in theorem 3.3.1. The map h shows that if £(r) =7y and
dim T = dim v + 1 , then there are either 1 or 2 cells u <l.T
with f(u) =y . 1If orientations are chosen on the cells of C , then
by using h , orientations can be chosen on the cells of fﬁl(y) S0
thac (0387 = Th(lal x [yDm(lB] x [¥D] for Bsacc, amd £
is orientation preserving if dim T = dimy , £(1) =y . We will as-
sume that for every <Y & Y , orientations on f—l(y)' are chosen as

above for some homeomorphism h : |C} x |y| » fml(lyt) .

For A€ X and Y < £{(A) , v a k-cell, let C;(A)

Ui+k€ f_,}_ ) o

(ii') in the remark after the definition of a fibred map, where Ci(k)

= & Q. Then C;(X) is the chain complex in condition

ig in degree i + k . But this chain complex is clearly isomorphic to
C;(ﬁ,g) {with Ct(k) corresponding to Cz(ﬁ,g) ), where C are the
cells of ¢ corresponding to cells in %X via h so
ker (P ) » () = ker(C(E,0) ~ c-@,Q) =T €, =

% % AR P Pl
o e F(ful(Y) ﬂK}Q}J&(ﬁ} =0 if fwl(y) n |ﬁ1 is not compact for

v e |y]} = £,IA1(y) . We then have an exact sequence

0> £, > D00 + ) > -ee
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et 0 e X with dimo =n and dim £{¢) = k . Then f,D[G}

is the chain complex

—_— : n-1 S, n—2 T Ny
£,00) 8 £l 7] 8, £, 0T ] S8 £, ]

T L] T So i T <O

beginning in degree -n where the components of the boundary maps are

glven by multiplicétion by ETl:Tlﬂlj . The chain complex DEf, Lol is
[£(@)] — & Iy 1] &2 [Yk”zjm—av- @ [yol
Yo T<E(0) Yo T<E(0) Yy <£(0)

beginning in degree -k , boundary maps having components given by

multiplication by EYl:Ylml

7. @iven T ¢ X with dim v = dim £(T) ,
there is a unique map fIE?] + {f¢t)] which is id : @ » @ over

£(t) . We then can define a map f!D[U} + Df [o] which in degree -1
is 0 on f![T] for dim T > dim £{T) and is the above map

£,0t] > [£(D)] for dim T = dim £(t) . We claim that this is a chain

map.

We want to show that the following commutes.
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"

Given T1+1 5o and Yl < £(g) , both compositions will give the O-map

1

for the component f‘[T1+13 a—[ylj , if dim f(Tl+ )y £i -~ 1. Suppose

dim E(T1+l) =1 . Then the top map is zero. There are either 1 or 2

1y de., cells p < T 0 with

cells 1 TG £ = £ 3

dim { = dim f(ﬁ)ju- Suppose first there is a unique such U . Then for
i+l 1+1l is a l-cell with only one {-cell as a

g e le¢™ ], £y ot

face, so it is not compact. Hence f;[Tl+l](f(Tl+1)) = 0 , so the

i+1)3 . +1

composition fl{€1+1] » £,0ud > LE(T is 0 over £(t ') , which

implies that the compositiom is 0 . In this case, then, the components
l+l)] agree. Now suppose there are two uj <1 Tl+1

. * + ’ .
with f(uj) = f(Tl 1) , 3 = 1,2 . Then we have the composition

£, 00 > e(r
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L+ : ,
But the maps f,[fl 1] -+ f![uj] over f(T1+l) are negatives of each

i+l

other since [T .ul] = —[Tl+l:

ﬁzj , so this composition is zero over

i+l i+1] - [f(Ti+1)]

f(t } , hence the map is zero. The components £,07

agree in this case too, then.

. . i+ - . s
This leaves the case dim E(Tl 1) = 4] . Both compositions are

zero on f,[T1+1] 4‘fY1] if Yl 4 f(T1+l)‘. If Yl < f(T1+l) but

there is no U = T1+l with f(u) = Yl , then f,[Tl+1] is 0
Yl , so the only possible map f‘ET1+l

i+l

over
T+ [y"] is the O-map. Suppose
Yy , £(uY) =" . Since f is orien-

., " i i+
tation preserving on U and T L , the maps

we have ul ST , Yl < f(1

B ki B Tl

fstui]———~——e»EYiE
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commute. Finally, there can be no more than one U S Tl+1 with

i+1i

E(u) = Yl since for vy € lyli y ful(y) 3 ‘T is a finite set of
points, hence compact, so by lemma 1.6.1, it is connected; i.e., it is

a single point. This completes the proof of the claim.

Note that given a map [0l = [1] , the induced maps

£,DLT]——Df L]

l !

f‘D[o]wmmwﬁan*[G}

commute, so we can then define a map ftD;o + Df*é. {since L. € DZ(X),
each gl ia a finite direct sum of [0l's ). The proof of the theorem
is complete, then, once we have shown that f£,blod + Df*[Gj is a

quasi-isomorphism.

et 0 e X and v 5 f(0),dim0J0 =12 , dimYy = m , and consider the

double complex which has in pesition (-i,j) the vector space

ujSAléd 0 g i {each Qu,k is just a copy of @ ), where
fulysy 7
0., , T, . is multiplication by [u3+l,u3] and
i 41 i+l 41 ]
B, A BT o
Q'j ;7 Q. 4.1 is similarly multiplication by [Al:klﬁl] . The
u”, A U, A
.th . " . : L .k
j— column is the direct sum of chain complexes @ S, where 5 ,

wsg
f(uJ):*Y is the dlyal
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*
of the chain complex of lemma 3.2.3. Since ViV is an exact

vk
functor on the category of vector spaces, § | is exact for J <n .

. 1 :
If §=n, i.e., uj =0 , then Y = f£(o) . So for Yy < f{g) , 2ll
columns of the double complex are exact, hence it is quasi~isomorphic

to 0 . TFor v = £(0), all columns.are exact except the ﬁth one which

consists only of @ in position (—n,n) . Then the double complex

0,0
is quasi~isomorphic to the single complex with Q in degree 0 and O
in other degrees, since an explicit quasi-isomorphism with the double

complex comsisting of @ din position (-n,n) and 0 elsewhere, can

be constructed.
.th P . .
Now look at the -i~— row. This is, 1n the notation of the be-

ginning of the proof, i@ C'(Kl) . But because of the exact sequence
ATZg

0+ £,00 1w +-c3<xi) > ci(ki) S

and corollary 1.2.3, we have that the double complex is quasi-isomor-

phic to

-1 n~2
£,0010y) + kﬂ@l<gf1{1“ 1¢v) An@2<0f![1 Iy e

the complex starting in degree m - n . Then for v # £(0) ,

£,0001(y) is exact and for v = £(uv) , £,Dlol(y) is quasi—isomorphic
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to a chain complex with @ in degree -m and 0 elsewhere. Clearly
Df*[G](f(G)) is quasi—isbmorphic to @ in degree -m , 0 elsewhere,

and for vy < £(o) , Df, lol(y) is exact by lemma 3.2.3.

To see that £ DLO] ~ pf, lo] is a quasi-isomorphism, then, we

just need to check it over Y = f{g) . We have

i " w1, g gmd n
£,[ol(—"—> @ £[x i) T L& DI
! < ! T !
o
Lyln

which we need to chow is exact. o 1s surjective since we can always
find a A" <0 with f(km) =y , so the complex is exact at [v1Cyy
Then dim ker(e) = dim( _® £,03"1()) - aim(lyl(Y)) = dim @™

: PR o I
since £ ,DLol(y) and pf Lo3(y) have the same cohomology, and this
shows that the complex is exact at m@ f‘[xm](Y) . The proof is now

Ao

complete.

!
The functor £

y
Given f : X~ Y a cellular map, we define £ Db(Y) - Db(X)
| Y * . °
to be f£°A = Df DA for A € D?(X) . Althouph this definition is
< !
cumbersome to work with, there are simpler descriptions of £ in a

number of special cases.
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I,

‘ L
Theorem 3.3.3: For f : X+ Y a cellular map, f'@Y 2= D, .

oroof: £'o° = pf pp, & pe'g, = pe, = O,
- Proof: @Y = 7 D@Y == D QY = DQX = QK .

Theorem 3.3.4: If Y is an m-cell in Y and f:X>Y is a

! .
cellular map, then f [y] is quasi-isomorphic to the complex

deg.m-k n deg.m~k+1 k=1
e e ——n k$ __.l ["f 3—--—-«-——-—-—>—- @1 —1 [:’{‘ ]-—»—}-nou
Tef T(Y) T Tef T(Y)

where maps between components are given by multiplication by

o+ 4%

as usual.

Proof: It follows from lemma 3.2.3 that D[y] 1s quasi-isomor-
phic to (y)[m] where (y) is the sheaf with Q oan ¢ and 0 else-

where. Then f!EYE = Df*DEY] gai Df*((Y)[m]) i p(Q -1 [m]) where
£70y)

Q -1 is the constant sheaf on fﬂl(Y) and 0 elsewhere. This is
£ :
the complex which has in degree m-k , & Hom{Q ,[Tk])
ko Jm== = —~1
T eX £
' k k
= k@ _ Hom(Q -1 LT = k@ _1 [T~ . The component maps are
T ef T(v) £ (Y T ef ~{y) :
easily seen to be given by multiplication by [Tk+l:Tk3

Theorem 3.3.5: If i : X > Y is an inclusion, £° € D?(Y) an

, i f .
injective complex with ;l = ng[Y]VY , then £'I 1is the complex of

Vl

sheaves with Ygx[y] Y in degree 1 and with componeni maps
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vt vt

Lyl Tl s being given by the same map as before.
Proof: Since different choices of orientations on the cells of X
and Y result in the same dualizing complexes up to (chain) isomor-

I . '
phism (proposition 3.2.1), it follows that i'L is independent of the

orientations chosen, as well. We can then assume that 1 preserves

orientation on each cell of X .

For T e Y we will let [T]Y be the elementary injective on Y
and [T]X the elementary injective on X if T e X, or O if
T % X . Tt follows from lemma 1.6.1 that if vy €T £0¢ are in Y and
v,0 ¢ X, then T € X {apply the lemma to the map cnX~+0 , closure
taken in Y , and a point ¥ EIY{ Y. The correspondence

[T}Y»dm>[T]X then defines a functor from injective sheaves with finite

dimensional stalks on .Y to injective sheaves on X which, given

cells T <0 in X , sends Ty [UHY +-{T]Y to the map
Ty [U]X - {T]X which has rX(T) o zY(T) . This induces a functor
;.k——%gg on injective complexes, and the theorem claims that

! a 1 - . ® » -
i'I d= ;X . We will construct a quasi-isomorphism i DI 4-D£X ; the

theorem then follows by dualizing each side and applying theorem 3.2.4.

* ‘
We first define i D[T]Y +’D[T]X . If T & X then D[T]X =0,
so this is the O-map. If T ¢ X, dim T =n , we want to define a

chain map




-4

deg.—n deg.-n+l deg.—n+2
* * * — —
i plrl, =4 [tl,—% & 1 [yn 1] — B, 1 [yn zif—%»---
b4 ¥ n—-1 v e
Y <T ¥ <Tl
pltl, = [t],—> _@& [yn“1] —— @ {Ynﬂzj e o o >
b4 X n-1 X n—2 X '
Y < vy

But for v € X, i*[Y]Y S [YEX since the closure of vy in X is the
intersection of X with the closure of Yy im Y , so we can take

i*[yjy +-[y}X_ to be the identity. It easily follows that this is a
chain map from the fact that for Yi—l < Yi <Te¢ X, if Yi“l e X,

then Y € X .

*
To see that 1 DET]Y *‘DET]X is a quasi-isomorphism, recall that

e

D[TjY (t)[n] , where (1) is the sheaf which is Q@ over 7T and O

elsewhere (this follows from lemma 3.2.3). Then for T % X, D[T]X = 0
% i % :

and 1 D[T}Y & 1" (0)[n]l =0 ; for Te X, D[T]X E {(t){nl] and

% [ %
i D[T]Y 92 s (m)lnl = (T)[n] . The map is clearly a quasi-isomorphism

over the cell T , so this shows it is a quagi-isomorphism.

We nhow want to check that for a sheaf map [U]Y > [T]Y with

T $0 , the following commutes:
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1"ple],— pl7]

L

*
i DEU]Yrmﬁh» D[G]X .

X

If 0 and T are both in X , this can be easily verified. If
o] % X , then D[O]X =0, and if 0 ¢ X but T é X , then no face of
T can be in X , s0 i*DET]Y = 0 . Hence the diagram always commutes.
This shows that we have a map i*DE' > D;é between double complexes
where each slice i*DEj -+ B;% is a quasi-isomorphism, so the map is a

gquasi~isomorphism. This completes the proof.

83.4 Tdentities

Theorem 3.4.1: For i : X=—Y an inclusion with X open in

1 » % . s
Y, f£'A S £4 for A « D;(Y) .

Proof: Take é. to be injective. Then the result follows from
®

the definition of £  and theorem 3.3.5.

Note that for f : X + Y a cellular map, we have a natural map

f,A+£f A for A a single sheaf which over T ¢ Y takes a section

o e r(f"l(T),g) to the section of A omn f_l(st(T)) which restricts
‘ g &

!

i

(¢} on f“l(U) for o = T . This egtends to a map

R'E,A" in D(Y) .
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Theorem 3.4.2: For £ : X~ ¥ a proper map the natural map

Rﬁf'é' > R.f*éc jis a quasi-isomorphism for é' € Db(K)

Proof: If f is proper, and if ¢ € X and T = f{o} , then

there is a cell ¥ <0 where f£(y) =T . To see this, restrict £ to

the map f£' : 0 + £(0) , and take a compact neighborhood € of a point

y € |t| . £' will still be proper, so f'—l(c) is compact. Then

l(C) con-

f'f'wl(c) is compact and contains € n if(O)i , S0 E'EY
tains y € ¢ n [£(@)| . Then f'ﬁl(y) is non-empty, and the statement

is shown.

We claim that for a single sheaf A , the map fA> f,A is an
isomorphism. For T € ¥ , the map f,é(?) > fké(r) is clearly one-to-

one (if it takes o to & , them @ € F(f—l(T),é )} is just the re-

striction of 4 € F(f—i(st(T)),é) to ful(T)) . To see that the map
ig surjective, let d e T(fﬂl(st(T)),é) . Since fﬂl(y) is compact
for y e |Y] , for vz T, & restricted to Eml(Y) is an element of

f!é(y) . Given U > 7Y 2 T , it follows from the fact that every cell
-1 ~1

of £ (1) has a face in £ “(y) (by the statement at the beginning
£,A
of the proof), that p,  maps O} _ to &} . . Then
R ’ T 16
£,a(0) > £, A(T) takes @‘ 1 to & , so the map is surjective.
T - £ (T

Therefore the map is an isomorphism, and the theorem follows immediate-

ly from this.

Theorem 3.4.3: Let g : X=+Y , f:Y>2Z and fg : X+ 72 be

cellular maps. Then,




wGF

-

e

(1) R (fg),A R'E,Rg A for A €D () .

I

(1i) R’(fg)!é° R’f!ng!é° for A e D?(X) and £, g, and

fg fibred cellular maps.
% . i .
(i1) (Fg) & L gr A for A €D (D) .

1 a + L3
(iv) () 4 =¥ gfA for A e D.(2) .

Proof: (3) Tt's easily verified that (fg) A = f,g.A for A a
' sheaf. Then (i) follows from the fact that By .of an injéctive sheaf
ig injective.

an R s E oG, B oor'ER'gDA
& pr'f,pOR g,DA° EY R'f!R.g!é'

(iii) trivial

1 » i e i R e i ¥ * e
@) (p'a’ B ey mat £ pgeoa’ 35 pgopf DA

s *

Proof: We begin with the case where A ,B , and g. are single

elementary injectives EG]U . [T]V , and [k]w , respectively.

Egg(ic}u,ﬂom([T]v,[A}w)) is 0 unless A <G and A ST , in which

Hom (U,How(V,W))

case the sheaf is [A] Similarly,

Hom({G]U 8 ETEV,{X]W) is O unless A €0 and XA £ T , in which case

Hom(UBY,W)

the sheaf is [Al For any vector spaces U, V, and W ,

there is a natural isomorphism Hom(U,Hom(V,W)) - Hom(UBV,W) , and this

gives us an isomorphism ggg([cﬁg,ggg([fjv,il}w))%-ggg{[G]USETEV,[h]W) .
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It I, J, and K are injective sheaves, we then have a natural isomor-
phism Hom(I,Hom(J,K)) ~ §%§(£@£~§) acquired by breaking each injec-

tive up into a direct sum of elementary injectives.

Now let ;’, J and 5. be injective complexes. Then

.,ﬁgﬁk ’,5.)) and ggg.(é' 8 J',E') are represented by triple

(

o
H.

o)

i
L]

|

complexes, and in each position ‘(i,j,k) we have an isomorphism of
'sheaves from the'firSt'triple complex to the second. It can easily be

verified that these isomorphisms commute with boundary maps. For ex-

ample, to check that the diagram

Hom(L", Hom(J7,K)) —> Hom(T ® J°.K)

] |

i i kL
Hom(L",Hom(J" K

3

commutes, break Ll, gj, k

k+1 . s .
, and K up into elementary injectives,

and note that the analogous diagram of wvector spaces commutes.

We then have an isomorphism of triple complexes, so the induced

map on single complexes is an isomorphism, and the theorem follows.

-
»

c DZ(X) , R'Hom(a”,8) & pa” 8 0B .

_—

I

Theorem 3.4.5: For é.,B'

Proof: This follows from theorems 3.4.4 and 3.2.4 by replacing

with DB' and ¢ with B .

]
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Theotem 3.4.6: For A ,B « BZ(X) ,

R'Hom(a ,B) 2= R'Hom(pB ,DA) .

[t

Proof: R.Hom(é‘,gﬁ) gd D(éﬁ & DE.) {theoream 3.4.5)

ppa’) %5 R"Hom(pB",DA") .

|

I
o’
Fain
o
=
&
It

L

e
e
—~
por}
(=]
2]

Theorem 3.4.7: Given f : X+ Y a cellular map and éf € Db(Y) .

. b ?’C - - g_i - * . , o
B e D (X} , then Rf +R B :#g(f ALB) =R Hom{(4A ,R £,B ) .
- . K ‘*
Proof: Let A = [OJV and B = ET]W . f [U]V is the constant

- — ‘ *
sheaf V on £ l(0) and 0 elsewhere, so Hom(Ff [U}v,{T}W}-= 0 if

T ¢ f“idE) , i.e., if f(1) $o0 . If £(1) £0 then it's easily

%
checked that ggg(f {O] [T] } = Hom(V W) . Then

Hom(V,W)

f*ggg(f*[U]v,[Tjw) is 0 for f£(1) $ 0 and [£(7)! for

£(t) €< o . The same is true for ggg(ﬂajv,f*[13w) , so we have an iso-
. *. -V W v W . s .
morphisn fﬂggg(f {o1",011") - gom(lol ,£,[T]") which gives rise to an
*
isomorphism £ Hom(f I,J) Hom(I,f,J) for injective sheaves [ and

J . It can be easily verified that these isomorphisms commute with

maps induced by boundary maps in the two injective complexes [ and

. - e % & o .« .

J , so we have an isomorphism f Hom (£ L ,J ) » Hom (L ,£,J) , or

R f R.Hom(f B') + R Hom(A R.f «B ) where there are injective reso-

- » L] -

Jutions A = I and B ~+ J

Theorem 3.4.8 (Verdier Duality): For £ : X > Y a fibred cellu-

lar map, éo € Db(X) , and B' € Db(Y) , we have

R £ R Hom(A i B ) = R Hom(Rf A B ) .

AriA o




[ 1 e 3
Proof: R f,R &gg(é ,£B8) % R'E,R Hom(4 ,Df DB )
»DA

quﬁR'ggg(f DB ) {by theorem 3.4.6 and biduality)

e

Roggg(Dﬁﬁ,Raf*Dé“) (theorem 3.4.7)

e,

R'Hom(DR £,04 ,B") &= R'Hom(R'f A",B") (theorem 3.3.2).

Theorem 3.4.9: For f : X+ Y a fibred cellular map,

e

° - - ® - i - * o °
¢ D?(Y) , and B ¢ D?(X} , then A BREB ERE(FH BB) .

Proof: é. 3] Rof‘ga 4 DR.Hom(é. DR B ) (theorem 3.4.5)

,RE,DB) 4 pr'r LRH

I
=
%.
fext
S
#
=N

fh>

om(f A ,DB’) (theorem 3.4.7)

I
B
F
5
=
9
2
s
P

*
ub_

,0B) #= r'E (£A 8B .

Theorem 3.4.10: Given f : X+ Y a cellular map and

1 * [ * -
9% :"A" 8 £ B

- © F-4 o L
A B e Bb(Y) , we have f (A ® B )]

% i 3 % i * 3
Proof: Over 0 e¢ X, f (A BB ) and f A" ® £ BY are both
é;(f(q)) 8 éj(f(a)) , and the corestriction maps agree. The boundary
maps of é and g. clearly are compatible with the canonical isomor-
. k4 3 # 4 *_4 . . ,
phisms £ (A BB)»f A BEB , s0 there is an isomorphism of

c E
f

fo:]

double complexes inducing an isomorphism £ (A & B ) -+ f

=

Theorem 3.4.11: TFor £ : X~ Y a cellular map and é.,B' € D;(Y),

| - & 1 - e 1
£R'Hom(a",8) * Ron(f4LFE) -

Proof: R Hom(f A LB B ) R.Hom(f A ,DE DB )
{ & . .
SE D(f A 8 f DB ) (by theorem 3.4.53)

R (4" 8 TB “y 2 pePpr Hom(A B y &gt 2 Hom(A B .
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One nice property of cell complexes is that there is a natural way

of forming a product cell complex X X ¥ from complexes X and Y

-

Theorem 3.4.12: Let X m'{oi} and Y z‘{?j} be cell complexes.
Then

(i) the sets ﬁJi * Tj} give |X] % [Y| the structure of a cell
complex;

(ii) The projection maps ﬁl %] o> y| > [x%] and
T, 1x] x Y| = |¥| are fibred cellular maps, and for O-cells v ¢ X,

w e Y , the inclusions 1 : |7|sms v} x [Y]=—]x] * Y| and

j [¥]e—s|x| % fwle—|X| % [¥] are fibred cellular maps.

Proof: '{Ui S Tj} clearly decomposes [X] X |Y| into open topo-
logical cells. Let ]%] and |§[ be the one-point compactifications
of |X| and iY[ , respectively. Then the one~point compactification

of [x| [Y] can be formed by

e ~ ~ 5 ~ ~ .
Ix] x [¥] = I¥]| = Y]/} = |¥| u [X] % {=}) . We want to show that

this is a regular CW complex. To do this, we must show that
e )

a(lo] % |t|) (boundary taken in [X| x Y] ) lies in the (i+j~1)-

skeleton where dim o = i , dim T = j , and that the pair

e s

(]0] ® ITI,B(IOi X ]T{)) {closure and boundary taken in IXI X EYi )

is homeomorphic to (31+3,S%+3—1)

.

We will assume that the closures of |o] and |t| in [X| and

]Yl , respectively, are not compact, as the other cases are similar,

but easier. Note that in E%[ X !?[ , the closure of |u]| X tr] s
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|6} = |t| , and the boundary of |o] [t] 1s 8| x |t]) =
Glo]y * |T] v fo] x 3]t
~Ufjo'| x [t'] |o" €0,t" €T, dim 0" + dim T' < i+j} (a1l closures
and boundaries of |o| and |T| taken in [E] and ]?‘ Y. o Xt
P ~

will always refer to closure in |X| x |¥] , and ol x jr]) will

P - - ——
refer to the boundary in |X| x |¥] . If w : [X] x [Y] » [x] x l¥]
is the identification map, then 0| % 17| = w(|o] x IT]) and
5?{61 X IT‘);=ﬁ°B(|O| b ]T|) , 80 it's clear from the above description
of 3(]jo] x |t]) that 5110[ x |1]|) lies in the (i+j-1)-skeleton. To
see the second statement, note that the pair (F;szwr?T s 52]0‘ ® ‘Tl))
is the pair (o] x |T]| , 3({o] x {r[)) with the two closed cells
|o] % {o} and.‘%m} x [T} of 3(Jo] x {t]) identified to a single
point. Since the union of the two cells is commected (they both con-—
tain (®,0) ), we can identify ome to a point, and then identify the
other to a point. In general, if Yy is a cell and ?4 is a compact
cell complex, and if a closed cell on 3y is identified to a point,
then (5?1;a]y|) is still a pair of spaces homeomorphic to (Bn,Sn—l) .
Then the result of identifying |0} X {»} to a poinf is a pair of spa-
ces homeomorphic to (Bi+j,8i+j~l) Under this identification, a
closed cell (o'| x |17] is unchanged if = ¢ |T7] and is
o7 x |75 /|7 | x {=} if =« [T7] , which is homeomorphic to
{Bn,Sn—l) . Then (lo] % [T] , 3(jo] x |t])) is a regular cell com-
plex after identifying ‘El x {o} to a point, and hence is still ho-

l+j,81+3—1) after identifying fe} X {?I to a point.

meomorphic to (B
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{(ii) These maps are clearly cellular maps. Since the cohomology
with compact support of a compact cell possibly minus a point on its
boundary is 0 except in dimension 0 , the maps Wl and m, are £

bred. iv and jW are clearly fibred.

If é° € Db(X) and g. € Db(Y) . we define én P gﬁ € Db(X X 7Y

to be the single complex associated to the double complex with é} X &j

O R ! i
4 xB = A B '
over O X T , and pa'x%',UXT = pg,,g 2] p%,’T . It's clear that

in degree (i,3) , where A" x BJ is the sheaf with él(ﬁ) 8 EJ(T)

- o

k a * . .
A xXB = (Wlé Y B (WZQ } , se in particular, x is functorial on

°(x) and D°(¥) . Tf I' e D°(X) and I e D°(Y) are injeetive

L] »
complexes, then I % ] is an injective complex since

(63" x [t = [0 x 11790 .

Theorem 3.4.13: If My X %Y =Y is the projection onto the

. ™ F . .
second factor, and A ,B ¢ Db(Y) , then WZR Hom(A ,B )
2 - I * w
g——“lRHom(TrA,ﬁg) .
" Proof: We will assume that é' = g. and B ='§. are injective

complexes.

Let QX'* I  be an injective resolution of the constant sheaf on

-]
¥ . Then we have an injection resolution WZK = QX *xK »1 XK ,

and an induced map from a double complex to a trxiple complex

#
2

- . £ . - - - k-3
K) ~Hom (n,J ,I X K) =R Houm(rm

. . ‘}‘. *Ko
};C&D. (']ng » i ’Wzm—z ) *

We claim that this map is a quasi-isomorphism, and hence there is
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% e a * e & e
no need to resolve ﬁzg to compute R,ggg(ﬁzg ,W2§ Yy . To show this,

it is necessary only to check it for g.lﬂ (017 and E‘ = [T]W . If

El = $[Yj] 3 | then we have
- |

Uoj@W

fon(my[01", 1,011 + Hom(my (01" 8Ly xe] 0 )
bk S j J

U, . 8W
* ’
-+ Hom(ﬁz[ﬁ]v,e[Y.XT3 13 Yy o+ oses
Lom e

#
Wz[djv ie V on cells u X A with A €0 and 0 elsewhere, so this

chain complex is 0 if T o, and

Hom(V, T, 8W) Hom(V, U, ,8W)
8Ly xt] T ely xad T e

J i

W*[T]Hom(V,W) N

if T < ¢ . Since Hom(V,*) is an exact functor on the category of

vector spaces, this complex is exact, and the claim follows.

® v % % ‘
The sheaves £ Hom([o] ,ET]W) and Hom(f [G]V,f {T]Wj are both

Hom(V,W) for T 20 and 0 feor T $ g

%
naturally isomorphic to £ [T]
and these isomorphisms are compatible with the boundary maps in the

* - L] - - * L3 * L d
double complexes £ Hom (J K ) and Hom (£J,£K) , sowe have that

their associated single complexes are isomorphic. Hence
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¥

Y o ° © F3
£ R'Hom(J k) = R'Hom(f 3 ,E£K) -

Given a cell complex X , we can always form a cellular map

f : X+ P where P is the cell complex consisting of a single point.

H

Note that Db(P) can be identified with Db(VS) = Kb(VS) . f is

clearly a fibred map.

Theorem 3.4.14: If £ : X+ P is the map of X to a point and

- * L3

A eDP(X) , then TA" =f,4" and T A" = £,A
The proof is immediate from the definitions.

Corollary 3.4.15: TFor é' € D?(X) . R'Tcé' gL DR.TDQ. {where,

for V ¢ K?(VS) . DV is the dual chain complex).

[i¥ad
fi-

Proof: Use theorem 3.4.14 and the fact that R f,4 DR £,DA

Corollary 3.4.16: If g : X+ Y is a cellular map and

Db(X) , then.le(X,ég)iEiﬂl(Y,R“g*é') . If g is fibred and

hes
M

iR

h i . i - a
D)(X) , then W (X,4) T H (1,R'ga) .

i
m

Proof: Let f : ¥+ P 'be the map to a point. Then

ii
Il

) = BTRTA) 2 B R () a0 F R ER A0 T H (RTR g,40)

= (Y,R'gA) .
The proof of the other statement is identical, replacing , with

' and R T with R.F .
H C
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CHAPTER FOUR

TRIANGLES

B

Although Kb(X) and Db(X3 are not abelian categories, they each

have the structure of a triangulated category, and from this structure,

some of the machinery of abelian categories can be salvaged.

Let £ §° »-2. be a chain map between bounded complexes of
sheaves, and let M(f.) be the mapping cone of £ . Then we have a

diagram of chain maps

§ > 1 = M(f ) —>5 [1]

which represents a diagram in Kb(X) .

Definition: A triapgle im Kb(X) is a dlagram’

b=

which 1s isomorphic in Kb(X) to a diagram represented by

-

. £

3 >‘£.C' ,rM(fn)wmmﬁé-g.[lﬁ for some chain map £ g - I .
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By isomorphic we mean that there are Kb(X) ~ isomorphisms

- © ®

=

¥
HLZ
]

»>»T , and C = M(f ) , commuting with the maps in the

diagrams. We will frequently write a triangle as

l{g]

Triangles can be thought of as analogues of short exact sequences
of chain complexes in that they have associated long exact sequences of
. 0 .
vector spaces or sheaves. For example, applying H  to the triangle

é‘ g—g° ¥ g‘ ¥ é’[l] gives a sequence of sheaves

4
0
2]
p -
4.
e
i
‘;,
g |
e
+
e
I
.},
{{fue]
iy
4,

L]

. i . . . L L
since go(g 71]) = H (8§ ) . But this sequence is exact, since it 1s

lwn

isomorphic to the long exact sequence associated to the short exact se—

quence of chain maps

0+T + M) »8[11+0




i

. A1.08~-

for some chain map £ . s ~1 .

. b . .
Note that since K (X) is not an abelian category, we camnot talk

about short exact sequences in Kb(X) . However, it will be shown

(theorem 4.8) that if O - é.~l+-§°—ﬂﬁ>g° + 0 is a split exact se-

quence of chain maps, then the corresponding long exact sequence of
sheaves can also be formed from an associated triangle

- . . b . _
+B »C »4 [1] in K (X) whose first two maps are represented

i

by the chain maps J ana o

¢" ¥ aTT1] and

files]
i
iy

Theorem 4.1: Given two triangles A4 5

"3 Ef A& g. ¥ Qﬂfl] , and maps f : §° -+ Q' s B g. -+ g. commuting

..

=

with r and u , there is amap h : ¢ =+ F  such that wh = ft and

vg = hs (in Kb(X) .

Proof: We can assume that the triangles are represented by dia-
grams of the form é‘-imré' - M(r.) - é.[l} for r  a chain map.
Then we want to show that if the following diagram of chain maps com-

mutes up to homotopy, there is a chain map h s M(rf) > M(u') for

which the diagram still commutes up to homotopy:

>M(x ) ——>4 [1]

E
fo J’go f<|
g-

=M(u") ——D [1]
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Let g r - uf  be given by a homotopy T , i.e.,

i~1

i4 i it i, -1 1 i ;
9 lT , where T él + B . Then it is

gr - WE = TR

easily verified that the map

defines a chain map, and commutes with the above diagram.

»

By a map between trianges é. +~B = g° ﬁvé'flj and

C o E.-+ g' ¥ Q'[lj , we mean a collection of Kb(X) maps

D
">, B »E . g >E such that
E-
g‘ [13
(1] Y .
7
L] / °
p 7 B
commutes.

Theorem 4.2: Given a map between two triangles, if the two maps

hetween the bottom objects in the triangle are isomorphisms, then the
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map between the top objects is an isomorphism.

Proof: We may assume that the triangles are represented by dia-
grams of chain maps of the form éﬁ“ﬂgma-go-*M(uD) > éo[l] . We will

first assume that the two igomorphisms are identity maps, i.e., given

any diagram of chain maps

/;;;KM(H ) .
L N & &
il ™
\\Q\&M(u.)

commuting up to homotopy, h must have a homotopy inverse.

Since hcj‘ = i up to homotopy, there is a homotopy

T i 8" > 4" 03" such that n'T - ot et ¢ o¥at | pue 1 can
io4t w1 T4 -l
be factored as B —;L%»é. @B —A @B , 80 a map homotopic

to zero can be added to h to make h.j.= i .

We also have a homotopy st s §1+1 @ gl -+ él such that
T ht - ﬁl = 81 g 1+l§1 . s° can be factored as
1.1 8 1 i1 ot i
A @B —~—>A &8 —oem-A"  where s~ is the O-map into the
sumnand El_l . Then Wlhl - ﬂl = 2§sl - sl+181 = alﬂlulﬁl +
At Agtet o gttahy o ot = 9t implies that hT is 0 be-

. . ‘ i i i i, i
tween the components B and A , 80 wh -7% 1is 0 on B .
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then wir@lel +#oh) 46 0 on BT, i.e., ot &M 4s 0
on the component 21 > é;+1 , and hence is 0 on él . Then we have
Wl(hl bt §1+181) - it , and (hl _ogtel L rsv1+lal)jl - j1 ]

v

Therefore, by changing b’ in the original diagram to a map that

. b i
represents the same map in K (X) , we can assume that hl is 0 Dbe-

1

-

i it
tween the components B and A , and that the diagram commutes.

Tt is clear that hl must be of the form

A
i+l
& &
i i
B Iid B J

L . . ; g8
Since this is a chain map, if we define h~ to be the same map

+1 i+l

but with - replaced with -r , this must also be a chain map,

L] L]
and is easily seen to be an inverse of h , so h 'is an isomorphism.

Now assume we have a diagram of chain maps

M(v")
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that commutes up to homotopy, where £ and gq have homotopy in-

verses, ° and §' . By theorem 4.1, there is a diagram
M(v )
k
M(uo) {l]
£1]
N

commuting up to homotopy, which gives us

Mv )——-——> M(v")

I

Then k h  is an isomorphism in Kh(X)-, and similarly so is

e
L]

hk , so h 1is an isomorphism in Kb(Xj .

Corollary 4.3: Given f : é' > ﬁ. in Kb(X) , there is a unique

{up to Kb(X)wisomorphism,) triangle of the form *
Ej:/'\%

Proof: This follows immediately from theorem 4.1 and the first

iy

case considered in the proof of theorem 4.2.
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Remark: This shows that the mapping cone of a Kb(X) map is
well~defined up to Kb(X)misomorphismu It can be shown by explicit
construction, though, that for £ a map in Kb(XD , M(£f) is well-
defined up to isomorphism in the category of chain complexes and chain
maps, and not just up to Kb(X)wisomorphism (where M(I) = M(fn) for

some representative £ of f ).

Theoren 4.4:

is a triangle.

Proof: We need to show that the identity map on M(id) 1s homo-

. él+l Al—l

' . . N .
topic to zero. It is easily verified that T & A él @ A

which maps él e él by (—l)ﬂié and is zero between all other sum-

mands gives the desired homotopy.

Theorem 4.5: é' 5 E. ¢ g‘ ¥ énflj ,is a triangle if and only if

¢ g. kA é'fll :E£lj#§.{1] is a triangle.

[iivsd

[ L] .

Proof: Given a chainmap u : 4 + B , we want to show that the

diagrams of chain maps
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represent isomorphic diagrams in Kb(X) , where v.,wo,ﬂ', and  j are
the natural maps.
M(v.) is the complex with Bl+1 & Al+1 8B . .
= = = in degree 1 , and

boundary maps

. - : ".
B A B
. L
tH a
a vt
N7 J Y
t+l

Eiua, €£9 é£;+2 D igz

T

We can define a chain map ho éaﬂl] > M(v ) by letting
h' : A?+l > §1+1 & é?+l -+ El be (~ul+l,id,0) . This gives us a dia-

= -y [1] .

It is easily checked that T h

it : éFL+1 o E1 ¢~Bl+l & A1+1 ® El is 0

and

=

restricted to




-115-

i+l . i i i i
(~u" 1,1d,0) restricted to é?+l . Then § - h'w~ is the map

which is homotopic to zero by the homotopy

A et ostestes™

which is (~1)"id on B ~+ B and O

between all other components. Hence the diagram commutes up to homo~

topy.

It remains to show that b~ is an isomorphism in Kb(XD . M(v)
is isomorphic to the mapping cone of é’ -+ M(g'—~5§%»§') , S0 we have a

triangle represented by

By theorem 4.4, M(id ) 1is isomorphic to 0 in Kb(X) , BO

jiReal
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represents a triangle. We also have a triangle

and this triangle maps into the previous one by 1id : A+ éﬂ and

n° : A[1]1+ M(v ) . By theorem 4.2, then, h is an isomorphism in
P (%) -

¢ ¥ é'ﬂl]iﬂﬂ3§»5°tll being

o

The converse statement, that 3B

v * W
3

a triangle implies that & $ B ¥ ¢ ¥ A'[1]1 is a triangle, follows

now, by applying the first statement five times to acquire the triangle

a'r21 2, 5ty AL o) L2l 4’
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Since M(fGEZH) = M(f.)[ZJ, we have the desired triangle.

Corollary 4.6: The composition of two successive maps in a tri-

angle is zero.

Proof: In é' 5 B ¥ M(u.) L4 é'[l} , wv is clearly zero. The

corollary follows then from theorem 4.5.

Corollary 4.7:
0

is a triangle if and only if £ is an isomorphism.

I
l)’h
s

Proof: There is an obvious map from

0 0
;;}// N\\\\ .
A‘ 1d L to éu f E.

ft

If £ is an isowmorphism, then the diagrams are isomorphic, so the lat-
ter diagram is a triangle by theorem 4.4. If the diagrams are both
triangles, then since two of the three maps between them are isomor-

phisms, by theorems 4.2 and 4.5, the third is as well, i.e., f 18 an

igonmorphism,
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@ L]

Theorem 4.8: If O - é.——l—?-go —1£~>-g. + (0 is a split exact se~

quence of bounded chain complexes and chain maps, then there is a tri-

angle
gl
(11 . T
é°-——g—~—%r§' with j and 7 represented by j' and T , and

such that the long exact sequence of sheaves associated to this trian~

gle is the same as the long exact sequence associated to
0+A —dsp Tng »0

Proof: Let s : gl 4-21 be sheaf maps splitting the sequence,

1 L

i it . . . , .
i.e., w's” = id for each i ( s is not in general a chain map).

Then (—1)1(3131 - sl+lal) : gl - §l+l defines a chain map, and
W1+l(8151 ~ sl+1?}) =atrtst -3t = F-3" =0 , 50
(—l)l(alsl B 51+1 #) maps imto ggg(ﬂl+l) = Im(jl+l) , hence there is
a chain map t g. + éf{l} with jlﬂ”tl = (-1TEYsT - Sl+131)
Let ri : g1+1 & é1+1 N E:L+l be S:t_+l on g1+l and j1+1 on
i+1 i . . . . - . .
A . Then r~ is an isomorphism, and r : M(t ) » B [1] can easi-

1y be verified to be a chain map. We then have a commuetative diagram
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/M(t )
¢ —E>aTr11 .k 1]
= \{j] TS
B 1]

which shows that g'——gw%"é'{l] wl—gél%‘g.ilj~ﬂ—£l!%>§'[1] represents

et N | SEPRAL S 4
el [

C >AT[1] is
- j ® ™ - t'

o
-

a triangle. By theorem 4.5, thea, A

o (I

a triangle in Kb(X) , and hence so is A

(i}
~
o

A 117

1

{map g. to 2. by =-id ). The fact that this gives out the same

Jong exact sequence as 0 -+ é' - g' -+ g' + { dis clear.

Remark: The condition that the short exact seqguence is split is

o L]

necessary. However, if either A is an injective complex or ( is

a projective complex, then the sequence is always split.

L] » g - .
Let g‘ + ¢ be maps in Kb(X) . Then one can form the dia-

g

B

T

gram in K (X) of solid lines below, where E; , Eg , and T;f

the third complexes in triangles over f , g , and gf , respectively:

are




Theoren 4.9:

[1Lar]

~120~-

L1l

L] -

and B : ¢ > T such that

gt 2of =g
=g
{13 B
(viiDos
Z' -

I
=
lj-3
o
2

Tn the above disgram, there exist maps
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is a triangle, and the diagram commutes .

Proof: T. , To‘, and z.

L s L, of can be tzken to be the mapping cones

of representatives £ . g, and gofn of £, g, and gf , respec~

tively. We can then define « and 8 to be given by chain maps

o and B which in degree 1 are

=1+1 @ El é1+l & gl
1d g £ id
Viel | P4l i
él & gl and B & C , respectively.

It

Tt is clear that wi =w , Bt =1r , fu=3sB , and av = tg .

We must show that

T.
L,
vliDs €
( ) [1]
I’“____Ei_wé?-géf is a triangle.

M(a') is the complex




Ct ) degree &

\Z .
& Cwi) de Ek‘er‘i L

There is a chain map Y° : Zé > M{u.) where Yl :

i+2 i+ i+ i . . i
& ﬁl L & Al 1'@ Ql is the identity on components El

et

i+l i

& >

1

==
i

+1 ﬁ‘Bi+

i
1l

. i 7 ° »
and G gl and zero between other components. (v [1I)s ds the map

i+l i i+2 i+ . ; . ,
. & B L on degree 1 that is the identity on compo-

it
&
I
4
I

1

i+ . .
nents B +B and zero between other components, and it is easily

checked that (v [1])s = k.y.‘where A represents. the map A in the tri-

angle
M{o )
1 }\ u
To a4 Tc
e .
=f =gf
o . . . e . . .
The map Y181 - ul : é}+l & gl %'él 2 i §1+1 @ él+l & gl is zero on
21 and (0,fl+l;i&,0) on él+1 , and the homotopy T él+1 & gl > §;+1

& gl & él & glml given by ((—1)1+1,id,0,0,0) on é1+1 and 0 on gl shows
that this map is homotopic to zero. Then YR = U in KP(XD , 80 we have

a Kb(XDncommutative diagram,
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I‘
8/7“g wI1D)s
o G‘ L -
Efw-—mwﬁwzgf Y Ef[ll
\*i\A //ﬁ///7

Mo )

It remains only to show that Y 1s an isomorphism, Note that

M(u.) can be viewed as being the mapping cone of the map

" i M(-id : A"+ A > M(g) where 4 : Al e at g™ e ¢t s
b

.

" s
(-£* 1) ® (glfl) . -id is an isomorphism in K (X) so by Corollaries
4.3 and 4.7, M(-id ) is isomorphic to 0 in Kb(X) . Then we have

4
a triangle

M@ ) = M(L)

[/\
g———3>T = M(g') , and it can be checked that the non-zero map is

=&

v . Then by theorem 4.5 and corollary 4.7, 7Y is an isomorphism.

All constructions and theorems in this chapter can be made in
Kb(VS) instead of Kb(X)w—we merely take X to be the complex con-—
sisting of a single point. To motivate theorem 4.9 in Kb(VS) , let
AgB be topological spaces. We have a short exact sequence

0 +—C°(A;Q) + C_ (B;0) + C_(B,A;0) » 0 of singular chain groups which

ig split, hence we have a triangle




~124-

¢, (B,A50Q)

X

¢, (4;Q) ————> C (B;Q) .

Now let A c B é_C be a triple of spaces, gilving us maps
C (A0) +~ C (B;Q) C_(C;@) . If the construction of theorem 4.9 is
applied to these, we get a diagram relating the triangles which give the
long exact sequences for the pairs (B,A) , (C,A) and (C,B) , to the
triangle which gives the long exact sequence for the triple. Theorem
4.9 in this setting, then, shows that the existence of the long exact
sequence for a triple follows from the existence of the long exact se-

quence for a pair.

There is a general definition for a triangulated category that
Kb(ED satisfies. An additive category 0 with an automorphism
T : 00 {(in our case, T(én) = é'{l] ) and a collection of diagrams

(called triangles)

7
N
X e,

u . . . :
every map X-—Y is the bottom of some triangle, every diagram isomor-—

where w : Z - T(X)., is a triangulated category if

phic to a triangle is a triangle, and theorems 4.1, 4.4, 4.5, and 4.9

hold. Theorem 4.9 is referred to as the octahedral axiom. As will be
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shown, Db(X) , as well as K?(X) and ﬁ?(X) , are triangulated cate-

gories.
¢
. i . 11 . b e .
Definition: A diagram w oA\V in D (X) is a triangle if
é.______g____%_—B-.
. . F b
there is a triangle = in K (X) and (where 1r,s,t are con-
(1Yt s
D ——>E&

sidered as representing maps in Db(X) Y a Db(XD—commutative diagram

g.
[1 \
%
/
A TTE7 B

; . b
such that o,B, and Yy are isomorphisms in D (X) .

Every triangle in Db(X) is clearly isomorphic to one represented

M)
[1] _ . -
by a diagram of the form for a chain map u . Also, by
» 133 L

A

taking injective resolutions  ,° —d=371° and noting that the
y =

oot
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plex, we see that every triangle is dsomorphic to a triangle of injec-

tive complexes.

b
Theorem 4.10: (1) D (¥} is a triangulated category and theo-

rems 4.1-4.9 hold for Db{X) in place of Kb(X) :
. b b . .
(ii) Kf(X) and Df(X) are triangulated categories

and the analogues of theorems 4.1-4.9 hold for these.

Proof: (i) It's clear that every map é. é-g. is the bottom of

some triangle, and that every diagram isomorphic to a triangle is a

triangle. Bach of the theorems 4.1-4.9 follows immediately from the
corresponding theorem in Kb(X) by mapping triangles in Db(X) into
isomorphic triangles of injective complexes in Kb(X} . For example,

the proof of theorem 4.1 is as follows.

Let g- {iiﬁg ﬂ\\i

be a diagram in Db(X) involving two triangles. Take isomorphisms

/ /\,/%‘_-A = U{/ \ylﬁ

lli-—i

and
= r m
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of the triangles into triangles of injective complexes. Then there are

-» L] L3

maps ¢ @ L, <+ L ., D :‘5 > &é such that o0 = Ag , pk = dg , and

=A =D B
Gh = ef . But since Db(X) maps between injective complexes are given
by maps in Kb(X) , we can apply theorem 4.1 to get an 7 : Eé + ;% .

b

giving a map between the two injective triangles. Then a D (X) map

8 :6 = E‘ making (f,g,0) a map of triangles can be defined by

e ni

{(ii)} In both Kb(X) and Db{X) , if £ 14 + g. is a map be~-

tween complexes of sheaves with finite dimensiomal stalks, then there

. :_E‘
iz a triangle {i}// R\\ where g' also is a complex of sheaves
* £ & '
"B

with finite dimensional stalks, since injective resolutions with finite
dimensiocnal stalks can be taken, and the mapping cone of a map between
such complexes clearly has finite dimensional stalks. Then (11) fol-
lows from this and the fact that K?(X) E.Kb(X) and D?(X) < Db(X)

can be considered as full subcategories.

It should be noted that except for theorem 4.8, each of theorems

4.,1-4.9 is valid in any triangulated category.

In the same way as with Kb(X) , applying EO to a triangle in

Db(X) gives us a sequence of sheaves, and it's clear that this sequence

is exact.
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Theorem 4.11: 0+4A ~B %-g.-+0 is a short exact sequence.of

bounded complexes of sheaves on X and chain maps (not necessarily

split), then there is a triangle in Db(X) ,

(1] whose two degree (0 maps are represented by the given

|

chain maps, and whose associated long exact sequence of sheaves is the

same as the one given by the short exact sequence.

Proof: We can resolve the sequence into a short exact sequence of

injective complexes and chain maps

¥
+

+
o

a
9

+

T ]S
[ g—
R — 10

K

+
(]

(aote that the construction of theorem 1.3.4 is functorial with respect

to chain maps, and mot just up to homotopy). Since I is injective,
. ; . . . b

this new sequence is split, and hence Induces a triangle in K (X)

giving the same long exact sequence by theorem 4.8, Then the diagram

A > §° - g' > é'[lj in Db(X) whosgse maps are given by the maps of

the triangle ;o -3 En - E.[l] is then a triangle having the de-

sired properties.
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If F 1 S{X) + 5{(Y¥) dis a functor, then we have an induced functor
o kP > KP(Y) ; for F covariant, F(§7) = F(§") and for ¥

. i -1, -
contravariant, ¥ (8 ) = F(g } . We also have similar statements for

S(X) and S8(Y) replaced with 'Sf(X) . Sf(Y) , V8 , or VSf .

Theorem 4.12: (i) Let ¥ : S(X) - S(Y) be a functor preserving

direct sums (i.e., F(S & ) = F(8) & F(I) ), and let

"R g. Y g’ ¥ é'tl} be a tfiangle in Kb(X) . If F 1is covariant,

then F'é' FU}F'B. ; rF°g‘ FE—Foéﬂilj is a triangle in Kb(Y) and if

F is contravariant, then F.g’ ~Fer'§' F%—F.ée F%—F°g.[l] is a tri-

e

angle in Kb(Y) .

(ii) If F : S(X) - S(Y) 4is a covariant functor

preserving direct sums, and é‘ +~ B *‘Q- > é°[1] is a triangle in

Db(X) , then R'Fé. -+ R'Fg' - Rf?g. - R.Fé-[lj is a triangle in Bb(Y)m

(iii) Similar statements hold if S(X) and S(Y)

are replaced with Sf(X) ) Sf(Y) , VS , or VSf .

Proof: (i) The result for F covariant follows from the fact

that M(Fu') = F.M(u-) . For ¥F contravariant, we see that

F ¢ [1]
{1%\; "\Fw
The result follows then from theorem 4.5. F.E.'_‘TTTMJyys

F'(M(u.))ElE = M(F-u-) , hence we have a triangle

lije

To show (ii), resolve the triangle into a triangle of injective

complexes in Kb(X) and apply (i).
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(iii) is clear, especially after noting that VS = S{P) where 7P

is a complex consisting of a single point.

L] LR} -0

Lemma 4.13: Let o A B be a map of double complexes,

~a s

and let M (a--) be the double complex formed by letting the slice

a

Q'E(&“°) be the mapping come of o 4 éuj +~§.3 . Then we have a dia-

N ’M.‘ ‘. (aﬁ D)
i+1,3

gram of double complex%i O%Z/g.. ¢**  where S 6 - A )
) »

»

es () L
4 —=k

and this induces a triangle when associated single complexes are taken.

L S8

Proof: If u : & - Z' is a chain ﬁap, we can form a double

complex R by letting 5.’~l be g. . §-0 be g' , and §ﬂ3 be

the O-complex for j = -1 or 0 . Then M(u.) is the associated sin-

gle complex of 5.. for an appropriate sign convention. If 8 is

the double complex with E-O = g' and glj =0 for j#0 , and g'

is similarly defined, then we have a diagram of double complexzes

B“ ‘
[0,%2/ ‘\\ , and this gives us the triangle [
S.o - B

=3
ea
-3

when associated single complexes are taken.

In the same way, we can form a triple complex 5.‘. from
g-u with 50.’—1 - élo , 5.0,0 - EOU , and B‘.}..Jk - 0 for
. --0 L)
. Llet 4 be the triple complex with 4 = A R

=0 for k # 0, and let E..' bhe defined similarly. We then
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have a diagram of triple compliexes,

I
4
.

£0,0,11

|

If we reduce these complexes in the first two coordinates we get a

diagram of double complexes of the same type, and by the comments at
the beginning of the proof, reducing this further to a diagram of sin-

gle complexes produces a triangle.

If we redﬁce the triple complexes in the first and third coordi-
nate, howéver, we get the diagram of double complexes described in the
statement of the lemma, so by theorems 1.2.1 and 1.2.2, when we reduce
this to a diagram of single complexes, the result is isomorphic té the
diagram acquired by the first pair of reductioms. The iemma then fol-

lows.

Theorem &.14: (i) 1If é. -+ E. > gb > é.[lj is a triangle in

¢'eD
{1% '\

%.82._______;.__}__2082.

Kb(XD or Bb(X) , then we have a triangle

for a bounded complex 2. , where the maps are the naturally induced

ones.
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®

(ii) Given A > B ~ ¢ = A [1] a triangle in

Kb(X) and Q. € Kb(X) , we have triangles

Hom (D°,C)

7N

Hom (D A )——-————~%~Hom (D »B ) and

Hom (A°,D)
[1

Hom (C D )-~———~———%*H09 (E D , where the map

labeled —is the negative of the induced one; all others are the nat-

urally induced map.

(iii) Given A + B =+ ¢ ~+ A [1] a triangle in
Db(X) and 2. £ Db(X) , we have the same triangles as in (i1}, but

with ggg' replaced with R Hom .

Proof: (i) For the triangle in Kb(X) , assume it is of the form
éfwﬁigg' > M(u') é'[l] . Then for Bl we have a triangle

"apt+p 80" »uu) 80 » 4" ®DT1] with M(u') 8D canoni-

I =
jifea]

cally isomorphic to M(u  ® id i) , so lemma 4.13 applies. If the tri-
D
angle is in Db(X) , we may replace it with an isomorphic triangle in

Kb(X) and use the result for Kb(X) .
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(ii) The diagram acquired by applying ggg.(g ,*) is

v

a triangle by the same reasoning as was used with the functor + 8D .

Iif ggga(-,g') is applied te the triangle, we get a diagram

Hom (¢ ,D)IL]

7\

Hom (B D)"———————‘?Hom(A,D)

L] L L3 a

If we assume € = M(u ) for a chain map u : A > B , then as

was seen in the proof of theorem 4.12, ggg‘(M(u.),El)[l] is canoni-
cally isomorphic to M(ggg.(g.,gl) -+ égg'(é',gl)) for each 1 , so
lemma 4.12 applies again. Hence the above diagram is a triangle, so

the result follows by theorem 4.5.

(iii) follows from (ii) by taking injective resolutions

in Kb(X) .

Theorem 4.15: Given a cellular map £ : X+ Y and a triangle

- . - . b ! 1 »

| 1
A +B »¢ »aM1] in DY) , then £ »£B > £g > f4lll

is a triangle in Db(X) .

)’: b »
Proof: This follows the fact that both £ and R EQE(°’2 )

! %*
preserve triangles, since £ = Df D .

Theorem 4.16: For é. € Db(X) , there is a triangle
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where the two degree 0 maps are the natural ones.

>p+l .

Proof: There is a short exact sequence of complexes of sheaves

~zp+l

and chain maps 0 > T PA‘ %‘A > T A =+ 0, and this induces a tri-

zp+L .

angle A > A. + T A T é,[lj in D (X) by theorem 4.11.

zp-{—l 2pt+l

Since T and T both satisfy the conditions of lemma 2.4.1,

. T2p+1

this triangle is isomorphic to a triangle T<pé. > A é’ -

T<péf[l] with the degree 0 maps being the natural ones.

Definition: Let Y ¢ X be a subset of cells (not necessarily a
subcomplex), such that if ¢ £ 7 £y are in X and o,y € Y , then

TeY (Y is called a locally closed subset). Define ry Db(X) -

Db(X) by letting ryé' be the complex which in degree 1 is the

sheaf having él(g) on O for O €Y and 0 for o é Y . Define
b

rY : DZ(X) + D_(X) to be DrYD .

If i : Y=X d4s the inclusion of a subcomplex, then it's clear

. A R R : . .
that rYé =1i,d A = Ri,1A (the last step since for 1 an inclu-

sion, 1 is fibred and i

® ® i * ) i | Y
r'a” = prooa” & pra ppi DA’ iy .

y 1s exact), and hence

If Y < X is locally closed and R < Y is a closed subset of ¥
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(i.e., for 0,T ¢ Y, 0 ST e R=0¢ R ), then there is a natural map
rYé' > rRé' , and if R<C Y is open in Y (i.e., Y ~ R is closed in
Y ), there is a natural map rRé' > rYé. . Hence we also have natural
maps rRé‘ -+ ryé. acquired by applying D to 'rYDé.—+eréo for. R

closed in Y , and rYé. - rRé° acquired in a similar way for R open

in Y .

Theorem 4.17: For Y £ X locally closed and R S Y closed in

Y , we have the following triangles, where the degree 0 maps are the

natural ones:

IR%' rY_Ré.
1] r1l
A r A and rR 3 —~m—~w~e>rYA°
————— T — .
rY_.Rw_«- NES 3 £

Proof: The first triamgle is obtained from the short exact se-

gquence of chain maps

A"+ rYé. > rRé. + 0

o>
0 rY_R==

The second triangle is obtained by constructing the first trian-
gle for the complex Dé. , and then applying D . This actually gives
a triangle with the map rR§° -+ rYé. being the negative of the natural
one, but by using the isomorphism rRé' > rRé.’ that multiplies by -1,

an isomorphic triangle can be formed which uses the natural map
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. Y -

Remark: For [ an injective complex, r'L is simply the com-

plex g. , but with the elementary injectives [U]V for o % Y re-

moved. For Y a subcomplex of X , this follows from theorem 3.3.5;
o for Y nmnot a subcomplex, the proof of this is similar to the proof of

1 theorem 3.3.5.

Under this interpretation, for Y ¢ X locally closed, R < Y

. . - . . . RI' Y. * .
closed in Y , and 1 an injective complex, themap r I -+ r I is
. . . . i Yoeo, TR )
just the obvious {(chain map) inclusion, and = I »r I the obvious
surjection. The second triangle in theorem 4.17 can be obtained, then,

from the short exact sequence of chain maps,

Theorem 4.18: Given a triangle [1] in Db(X) and

- . . : “g.

fle

De Db(X) , we have long exact sequences of the form
€) > ) » F@) > Fg) » F @A) e

for F o= H, H ,]HC , Qggl(g.,-) , and Extl(g.,*) , and of the form
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e TR > T > FED > PR » BTN v e

for F = gggl(',go) or Extl(',gn) .

AN

For éh‘—””“““4“§ a triangle in Kb(X) and Q. € Kb(X) , there
is a long exact sequence of the first form for o= nggg.(g-,‘) orx
H}Hom'(g',~) and of the second form for F- = nggg'(-,g') or

H Hom (+,D)

Proocf: The case R = g; has already been shown. Interpreting
X as a point space, we see that triangles in VS give long exact se-
quences when H is applied to them. Then the cases . =TH1,§Hi ,
i °. i ° i ° i «
Ext (D ,*) , Ext (D ,*) , Exk (+,D ) and Ext (*, D ) follow from
the first case using the triangles acquired by applying the functors

RT, RHFC s R.ggg(g.,‘) s RfHom(Q’,') . R°§g§(°,2.) and RﬁHom(',g‘)

respectively, to the original triangle.
The cases for Kb(X) are similar.

Remark: The sequences involving Extl(é',g.) and Hlﬂom(g.,g.)

are quite useful, since these represent Hom b (é.,gnii]) and

D (X)

Hom o (é.,ﬁa[i]) , respectively.
K (X
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CHAPTER FIVE

THE EQUIVALENCE OF THE CELLULAR
AND TOPOLOGICAL CONSTRUCTIBLE DERIVED CATEGORLES

§5.1 Constructibility in Db(X)

Let X be a cell complex, and let & be a sequence of closed

subcomplexes XO_E Xl c ...c X = X . 'Then each subset

X - X}"l < X, called a stratum of &, is locally closed. A sheaf
A€ S.(X) is called constructible with respect to & if given

i i-1 \ . s A . .
0,T € X - X with O = T , the corestriction map Py ; 1s an iso-
H

morphism. We define the constructible derived category BEJXJ‘E D?(X)
to be the full subcategory consisting of complexes é' fof which Hié.
is constructible for each i . Note that by theorem 3.1.3, %ng) is
equivalent to the full subcategory of ch(X) of complexes §° whose

stalk cohomology sheaves are constructible.

Theorem 5.1.1: The triangles of E?(XD give %;ﬂx) the struc—
ture of a triangulated category, and theorems 4.1-4.9 and 4.11 are val-

b
id i D (X
id in ‘gi )

Proof: Each of the above theorems, and hence the fact that %;{X)
is a triangulated category, follows from the fact that for any triangle
in D?(X) , 1f two of the objects are in q;ﬁX) , then the third is, as
well. To show this, take a triangle with two elements in %;(X) , and

apply g' , getting a lonp exact sequence. For ¢ £ T in a stratum,

the corestriction maps Py 1 of the stalk cohomology sheaves give a
H
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map between two long exact sequences of vector spaces. It follows from

the 5-lemma that all the corestriction maps p are isomorphisms, so

o,T
the result follows.

>
8 Y

. Tﬁp s T , and Ty for

Y ¢ X a union of strata map objects of %;{X) to objects of qgﬁx) .

Theorem 5.1.2: (i) The functors

(ii) Por i : Y=—X an inclusion, Y a union of

stréta, Ri, maps %;,(Y) to %;ﬁx) , the strata of &' being those

!

of F.
(iii) For f : X+ Y , X with strata given by &

and Y with strata given by &' , f mapping each stratum of X into

%
a stratws of Y , then £ maps %;,{Y)‘ into ggﬁX) {(for example, f

can be an inclusion of a closed union of strata).

> *
proof: The statement for T , T P , I and £ ig clear.
i 5]_) v ?

follows since i

The statement for Ri '

' is exact, so

Ri, = 1, = extension by zero.

To show that é. @

=

T e %;ﬁx) if é,’g. € %;ﬂx}-, note that the

statement is clear for A and B single constructible sheaves. The

statement is then shown for A ® §T with A a constructible sheaf and

s B
[1

» =
B « E;ﬁX) by using the triangle A®T ~ "B - ABB in D_(X) and in-
"duction on the maximum value of u — ¢ for which guB and HB are

=

both non-zero {(by induction, A & T<PE. and A B T p+l§° are in
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%;KX) for an appropriate p , hence A B §° ig). The initial case in
the indﬁction is the case A BB for A,B constructible sheaves. To
show the statement for a general tensor product é. 8 g. , do a similar
induction on the maximum value of u - t for which gué. and g?éu

are both non—zero.

More conditions on & will be needed to inmsure that R'Hom takes
elements of ?;;X) to elements of %;ﬂX) , and that the dualizing com-
plex is comstructible. It will be seen in 85.2 that if

0 I, n . A, . -
IX'] ¢ [X7] < ... < |x'] = |%] is a stratification of a pseudomanifold

then these statements are true.

If Y < X is locally closed, then in the same way as we do with
Y a cell complex, we can define the notion of a sheaf on Y . We also
can define the cohomology with compact support Hi(Y,g) of such a
sheaf in the same way as with a cell complex, i.e., to be the cohomolo~

gy of the chain complex

W

Note that Hi(Y,g) HE(X,E) , where is the extension by zero

of § toa sheaf on X .

A sheaf on a locally closed set Y ¢ X is called a local system

if all of the corestriction maps are lsomorphisms.
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Theorem 5.1.3: Let :&V be a sequence of closed subcomplexes

L. e

il

X on X . Suppose the following condition is satis-

fied:

) 5 .
Given ¢ =T in a stratum X - X 1 and a local system 5 on

a stratum X0 - XJ“l s then letting C, = (x? - Xj—l) n st(o) , C?

defined similarly, we have that the natural map HE(CT’QIC') >

. T
Hz(Cg,glc ) is an isomorphism for each 1 .

Hom

Then Qé € %;KX) and R (é, EQ) € %;KX) for any

Proof: Let § be a local system on x - XJ—l

, and bé the

w2

extension by zere to X . It can be directly verified that Dg being

in %;gx) is equivalent to the statement that for 0 £ T din a strat-

wm X - Xlﬁl , and C_E and CU as above, the adjoint map

. & - %
el
Cc(cc’g‘c ) CC(CT’§ )

is a quasi-isomorphism where C;(CU,QIC } is the chain complex that
g
computes H (c, S;C (and similarly for Cc(CT’§|C ) ). Then by the
T
exactness of V4m~»V , DS e %;{X) .

Next we show that Dé is in ?ggx) for é constructible by in-

duction on the number of strata on which A is non-zero. We've shown
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the result for one non-zero stratum. Suppose there are k non-zero

strata, the highest being xF - erl . Then DA€ QE{X) by induction

and the triangle

To show. that Dé..e %;(X) for é. € %;(X) , use the triangle

>p+l .

l%!l>

and an induction similar to the type used in the proof of theorem 5.1.2

with tensor products.

The theorem now follows from the fact that Rﬁ%gg(é.,g.)

% p(a" @ DB) and that D, = DY, -

Corollary 5.1.4: Suppose the condition in theorem 5.1.3 is satis-

fied. Then
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IWoetP® for 4% e D°(®

(1)
(i1 TFor i : Y X an inclusion, Y a union of strata,
then Ri, maps %;,(Y) to %;XX) , the strata of &' being those of
F.
(iii) For £ : X = Y as in theorem 5.1.2 (iii), f! maps

b . b
%?,(Y) into %?(X) .

- o ' *
Proof: These follow since rY = DrYD,R f, = DR £,D, and £ =DE D .

§5.2 The Equivalence of %;XX) and q;;[XI).

in this section we show how the theory developed in this paper
corresponds to the standard theory of the derived category of the un-
derlying space |X| . Some standard knowledge of sheaves and derived

categories will be assumed; see, for instance, [GMI1, [HI, or [Iv].

Let X be a cell complex and let S(|X]|) be the category of or-
dinary sheaves on IXI (which will be refexrred to as topelogical
sheaves). Define %g(lxl) < S({X|) to be sheaves that are locally
constant on the cells of X . Db(IX!) will denote the bounded derived
category of topological sheaves on iX] (so objects are bounded chain
complexes of elements of S(|X|) ) and QZK!X[) E‘Db([X]) is the full
subcategory consisting of objects whose stalk cohomology sheaves are in
S (]Xi) and have finite-dimensional stalks. KZ;}X|) and Kb([X])
are defined similarly.

Define a functor o ¢ S(X) -+ S(IX]) by letting oA be the

sheafification of the presheaf which associates to U ¢ |X| the vector
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space [(Y,A) where Y ds the union of all cells that have non-
empty intersection with U . We can also define a functor
I s(|x]) + s(X) by TA(@ = F([st(c}],é) , corestriction maps being

restriction of sections. For A e 5(X) , there is a map iA : ToA > A

which on O is the map T'(st{0),A) + A(v) given by evaluation, and

for B € S(IX]) there is a map : alB + B which on a stalk at

s
x € 0 ¢ ¥ is the map T(]st(G)l,E) - Ex given again by evaluation.
These both commute with morphisms in S(X) and S(|X|) , i.e., are

natural transformations with the identity. is clearly an isomor—

i
phism for any A e 5(X) , and for 3B « S%l[Xl) , an element of gx
for % ¢ 0 can be extended to Ist(U)i by extending it (uniquely) a
cell at a time, each cell having dimension greater or equal to the
previous one, hence VB is also an isomorphism. Then we have that

S(X) and Qﬁﬁ]X[) are equivalent where « and [ give equivalences

in each direction.

¢ and [ induce functors o s Db(X) -+ Db(lxi) {(since o is
exact) and R’E : Db(jxl) - Db(X) , and these restrict to functors
o Db (X) ~» Db(|X]) and R T : Db(!X[) > Db {X) . It will be shown
fe & = & fe

that ¢ and R T are both equivalences of categories.

Lemma 5.2.1: Let ¢ € X and A be a topological sheaf on
§st(0)| which is locally constant on each cell. Then the Eech coho-

mology ﬁl([st(c)|,é) is 0 for i >0

Proof: Let ¢ T , V be a vector space, and j : ITIQ*%f¥l s
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i: {?] - [TIChéJEW be inclusions (closures taken in |st(o)] ). We

have a short exact sequernce
R R A

(where ¥ denotes the coustant sheaf with stalks V on the space R)

R

which gives us a long exact sequence

-1 - ~Lo=r .
aee ﬁn (|T|,g|¥1) +—ﬁn (IT"l*Zr?‘m[T‘)

> T3y p > BTY

ml»:I:“-‘) 5 b

Then ﬁn(]%],j,XlT!) =0 for n>1 since |T| and IT] - |1}
are closed in [?[ and topologically trivial (we're in Ist(O)! , 50
these comtract to |G| ), which forces the an and éth groups to be

zero. Hl([?[,j ¥y 1) =0 follows from the fact that the first map is
t=|1|

i

an isomorphism for 1 =1 . If k : [T]¢;f%|st(6)[ R
g : |t]e—|st(0)] , then ﬁﬂdst(g)[,k!gl,fP - ﬁn(;st(d)],ﬁ,*j !XITI) =
ﬁn(lSt(G)[’j‘E]Ti) =0 for m >0 . This proves the lemma for a sheaf

constant on a single cell |[T| and O on other cells, and this im-

plies the lemma for A locally constant on [TI and 0 elsewhere.
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We now proceed by induction. Suppose the lemma is true for A
being non-zero on at most m - L1 cells, and let A be non-zero om
exactly m cells. Let T be a cell of maximum dimension on which A
is non—-zero. The lemma then follows from the long exact sequence as-—
sociated to O ¢~k!k*é~mi—%é > ggg(f) + 0 where k : [TI > [st(d)[ .

#
since kk A and gz&(f) are non~zero on less than m cells.

Remark: Suppose X 1is a Qdﬁﬁact gimplicial complex. Then Jemma
5.2.1 shows that '{Ist(v)[ |v is a vertex of X} is a Leray covering
of |X| since the set of intersections of these is {]st(G)]lU e X}
and hence the Eech cohomologylof a sheaf on [Xl can be computed using
this covering, without taking further direct limits. It is easily
verified that the Eech complex for a sheaf ca (é e S(X)) wusing this
covering is exactly the complex C‘(X,é) . Hence for compact simpli-
cial complexes, cellular sheaf cohomology agrees with &ech cohomology.
The result also holds for an arbitrary compact cell complex by taking a
barycentric subdivision, and hence for any -cell complex since it holds
for the subcomplex X' = {0 e X|]d| is compact} and X' is a defor-

mation retract of X .

Lemma 5.2.2: ¥or £° € KZ}[X]) a complex of injective topologi~

. »

cal sheaves, let V.- : 0o [ E. - g. be the map which is V i in de-
L

i

gree 1 . Then V is a quasi-isomorphism.

]

Proof: We must show that for x « ]X[ , (V_»*) (uQE A e |

[fb=it
el

is a quasi-isomorphism; i.e., the evaluation map
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T(Ist(d)],£ ) ;x for = ¢ ]O! is a quasi-isomorphism. Since an in—
jective restricted to }st(o)] is injective, we can assume that ;o

is defined on ;st(d)l .

Let SR ;1 - £l+l be the boundary map. From the short exact
i-1 i i«
sequence 0 - ImJd > Kerd +~ H'I -+ 0 we have the long exact se-

1=

guence

. PR o "R e TR S b

o

and hence H3+1§g2§_1

Im @-HJ+1§EE31 is an isomorphism for j > 0 since
v is locally constant on cells, so nglgv =0 for j >0 by lem

ma 5.2.1. From the short exact segquence 0 - gggél'* ;1-* Egél -+ 0,

we have the long exact sequence

e ngl N H3£281-+ HJ+1§§§E% N HJ+1L1

g0 nggEﬂ +'Hj+l§g£81 is an isomorphism for j > 0 since ;1 is

injective. Then H3+l;231—1 = nggl% , j>0, so Hl£281 =
Hk+l;381—k =0 for k > 0 . We also have that ngggal'm 0 from

nggalﬂl = 0 and the first short exact sequence. We then have a short




~148-

exact sequence of vector spaces 0 - Hoégaiwl > Hogggif %-Hoﬂig. -+ 0

.

. i.¢ . s R
Since H'L 1is locally constant on cells, we have an isomorphism

0 1 i_e

T(lst(G)[ H I y = HHEI - QXI - given by evaluation of the section at
% , 0 we have a short exact sequence 0O - HOLEBim +-H0k rd~ —EXE&4>
Exé‘ + 0 , Since Hl&%ia = () , we also have short exact sequences of

chain complexes
0 + 1kerd” » EL > HImd > 0

(the boundary maps in the first and third chain complex being 0 ),

which gives an exact sequence

e +-Hl—l(H0£.) . HO};gax—l +_H0§g£al N Hl(ﬁog.) N Hoggal S een

0
But, if ¥ € B ;k and y+—>0 in Hoék+l then Y € Hggggak

2 L

so H (HOL.) - Hoggﬁk' is the O-map V k . Hence we have a short exact

sequence

0+ 8'md t 3 n'kerd

where A 1is induced by the inclusion map Imal—lCLﬁ» erd and 8 is

given by B(y) = [yl , interpreting <Y as an element of HO;. . Then
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the composition of 8 with the map Hl(HO;.) *’Hlié induced by the
evaluation map on sections is the map v+—>[yl+—>[y(x)], so we get

a map between the two short exact sequences,

0> Brma " » 1Okerdt —E~uta’s) » 0

lid l}d 1gva1*

0 -+ Hoégalul -3 Hogggai mﬁi;_; - 0

Hence eval, is an isomorphism.

e b b . b
Theorem 5.2.3: & ch(X) - Q%ﬂle) and R T : Q%ilxl) +

b

DfC(XJ are equivalences of categories, and hence o D?(X) > nglxl)

is an equivalence of cafegoriles.
Proof: The last statement follows from the first by theorem 3.1.3.

We can define a matural transformation v a-ng + 1d by letting

%A. : u'R°gé. + é' be the Db(IXI) map in the following commutative

diagram.
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. o~

where é. - L 1is an injective resolution. By lemma 5.2.2, then, VA.

is an isomorphism in Q;gixl) .

The transformation 1, : £m§ ~ A on S(X) induces a natural

transformation iA- : g o é + A on KZC(X) » Where iA' is aﬁ iso-
T b

morphism. In particular, [ o is exact, hence is defined on D. (X)),
&= fc

and we have a natural transformation of isomorphisms i : T o = id on

D?C(X) R complete the proof,.then; we need to exhibit a natural
transformation of isomorphisms £.a. »-nga' on Dic(x) . We define
such a transformation s, ! gea AT+ R1a"A” = g.g. for a.é° - lo

A

the standard injective resolution, to simply be [  applied to this

L] e -

- - L] o - - - .
resolution. o T o A »~a [ I 1is a quasi-isomorphism since «a A + I

is, and it follows from this that 8,° is, as well, since o gives an

isomorphism between the stalk of a cell sheaf on a cell and the stalk

of a topological sheaf on a point in the cell.

Corollary 5.2.4: If & is a sequence Xp E_Xl < ... & X' = X of

closed subcomplexes of a cell complex X , then we have an equivalence
- . b b b '

of categories o : D (X) » D ([X]) where D (1X|) is the full

subcategory of Q;ﬁixl) consisting of objects A , where Elé is

i fo
locally constant on strata X - X 1 .

Proof: This follows immediately from theorem 5.2.3 and by the
fact that A e Sf(X) is constructible if and only if a4 is locally

constant omn strata.

Remark: In practice, the major application of corollary 5.2.4 is
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in the case of }X] being a pseudomanifold and f&ﬂ a stratification

of |[X| . For more details, see [GMI.

Fach of the functors El , B, nggg , B, RT s R“Tc ,Iﬂl ,}Hi ’
e i i zp b4 Co_.
R Hom , Ext™ , Ext™ , T<P . T s Ty 5 T ( Y locally closed), R f,,

% . t
f ,REf, , and £ (f a continuous map) are defined on Db(X) for

X a locally compact Hausdorff space. If X is a pseudomanifold with
stratification é? , then each of these functors except for the last
four are defined when categories Db(BD are replaced with categories
b

. *
%?£X3 (to see this, and to see conditions under which R £, , £ ,
e 1
R £, , and £ are defined between constructible derived categories,

see Borel's paper in [B]}and fteml) .

Theorem 5.2.5: Given X a cell complex, with |X| a pseudomani-

fold, then each functor in the list_aboﬁe in the topological theory

corresponds to the functor with the same name in the cellular theory by
. b b . . * !

the map o : ch(X) + ch(|X|) , where, with R £, , £ and £,

f must be a cellular map, and with Rﬁf! , £ must be a fibred cellu-

lar map.

i %
Proof: The cases H , T s TZP » Ty o 8 , and f are clear.

To check Rcf* for amap f : X+ Y , we will show that for
é' e QZKIX‘) , Rff*R.gé- and RogRﬁf*é, are canonically isomorphic.

The result then follows by the fact that R.g and o are inverses.

For A e SC|X]) , TE,A(Q) = T(|st(@ | £,8) = TE ™ [st@ [0 ;
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also, f£,TA(C) = F(fnl(st(ﬁ)},gé} = gollections of sections
f(’st(Y)!,é) for Y € f—l(st(c}) that agree on overlaps. But these
are exactly the elements of ﬁot{ist(y)]},é) for the covering

st ]y € f—l(st(G))} of fml(]st(G)]) , which is a Leray covering
(lemma 5.2.1), so £,0A(@ = X0 (|£  (st@))],8) = F(|£ T (st@)],8
Hence gf*é{G) = f*zé(s) for A e S(|X[) , and in both cases the co-
restriction maps and maps induced by sheaf maps A + B are the natural

ones, so [f, A and f£,[A are canonically isomorphic. For

éo € KZC([X|) , then, Fufké' and f*£°é° are canonically isomorphic.

Note that for I an injective topological sheaf on |xi , we have

e s . L . . . 1
£, I injective, since I being injective is equivalent to Ext (é,;)

=0 VA ¢ S(|X|) » and for any B e S(]Y]) we have Extl(g,f*i) =

A
%
4

Ext™ (£ I e sCixD

,I) . We also have that oll is injective for

injective since a diagram L4~ A=—B in S([Xl) can be factored
- L2 2 =2

by a map oL mméau;-—émag , and hence I is injective since

o 8(X) ~ %%ﬁ[Xl) is an eguivalence of categories.

Now suppose é. € q%;lx]) and é. > E. is an injective resolu-
tion. Then we have canonical isomorphisms R-f*R.L é. = Rffkg‘g‘ =

L4 -

£0'1"  (since ['L  is injective) = ['£,I° = RIf,I  (since f£.I°

is injective) = R'gRtfﬁé‘

We now claim that in DZC(IX]) , ba{loD S af{ (o)) dims] , where
(0 is § on ¢ and 0 elsewhere. Du(lol) = R.ggg(Rj,Qﬂgixl) R

where j : [o]s—+|X] , SR Rj*R°§gg(g,jﬁgIX[) SE Rj%@{al . But
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g*i(iE|;2E51)x = Hi(lgl,lgl ~ {x};0) , which is @ for =x ¢ 0 and
= dim ¢, and 0O otherwise. Then Z@igl 4 o((0))[dimc3 on Kﬂ s

and hence D@([G]) RJQD!GI g a({oy)[dimol on [X[ .

To show the result for nggg , Lt suffices to show.that
R.ggg(a‘[dﬁ,agiT]) and d'nggg([Gj,[T]} are canonically isomorphic.
The functors ggg‘ agree on'elementary injectives in a canonical way,
so we need to show that o [T] is acyclic with respect to
R.Iicin(a.[ﬁj,') , i.e., Exti(of[oﬁ],onalj'r]) =0 for i >0 . But
R Hom(oc [o],0’[7]) & })(cx (o] & D [t]) L& D(DL (Lo 8 a ((0))dimr D)
S D(a ({tTY¥[dimt]) if T <0 and 0 otherwise. For T $ ¢ . this

is Dha ([TD) ai a ([t1) , so either way, gégi(a.fﬁj,a.[T]) =0 for

i#0 .

!
To prove the theorem for j where j : Y=—X is the inclusion

[, i
of a closed subcomplex, we note that in both categories, j A &

% 1o gi & . [ t Ok . . . %
JRyG A %= 3R, R Hom(@,5 4" %5 1 R'Hom(R§,0,4) . R'Hom and j

correspond under o , and Rj, does as well since j, imn each case
is extension by zere and is exact (so Ri, = 1, 3, so it follows that

!
the functors j  correspond.

We now show that Eixl 4L dogg - If j : |51Ch—?[xl is the in-

% e ® i P oa e i o 1 o i e
clusion of a closed cell, then j DOL]]Q SEC Di o IEX EE j'I___)X 4= DO"E—')&I—
L p (o) dmoD)) L poa’((01)) L o'lo] . Then DaTpy is a local

system, hence d@% = DL for a local system on [X]

i

We lave maps QIX] %CQ.X; and QIX! = agx %'dQX which are gquasi-
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isomorphisms on the non~singular part |X] ~ L of [X| , so there

>
X

exists a quasi-isomorphism i*aﬁg iﬁgixl for 1 : ]XleCl—%>]X| .
- * o -

% * *
We then have a quasi-isomorphism Di D X[ = Di @i@x or 1 g¢g~>1L,

since i 1is an open inclusion. But a quasi-isomorphism between two
single sheaves is simply a sheaf map which is an isomorphism, so we
have that L 1s the constant sheaf on |X] - Z . Since ]XI is a

pseudomanifold, L must then be the constant sheaf on |X| »  Then

o EX DL Dg £|X] .
The rest of the functors correspond because of the following iden—
- - 1 * L] L
tities: RE, = DR £,D, £ =Df D, rY = DrYD s RI'=R £, for

f:X>pt., , R Fc = R f! (same £ ), B = ! RT . EC =HR ?c .

R'Hom = R TR'Hom , Ext’ = H R'Hom , and Ext =M R Hom .

Corollaxry 5.2.6: 1In the topological derived category theory, each

functor in theorem 5.2.5 is still defined when categories D?C(XD are
replaced with categories Q%i|X]) where X 1is a cell complex with

iXI =X , a pseudomanifold.

Proof: This is an immediate consequence of theorems 5.2.3 and

5.2.5.

Remark: It also follows from theorems 5.2.3 and 5.2.5 that all

»

* . !
functors of theorem 5.2.5 except for £ , REf_, £°, R f, are de-
fined on the cellular category %;&X) if |&# is a stratification of
a pseudomanifold [Xl , since these functors are defined on Di?ﬂ(ixl)'

!
In this case, f° 1is defined if f maps each stratum into a stratum
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since f! = Df*D . As for Rnf* and RnfE , these are defined between
categories %;ﬁX) any time their underlying topological functors are
defined between categories ﬁz?1(|X]) . This is the case for any £
for wh%ch [fl is stratified, i.e.,

(i) the ipverse image of any connected component of a stratum is
a union of connected components of strata;

(ii) given [Xi[ - [Xi_1| a stratum aﬁd a point X e[X?f - ]Xiwl|

there exists a neighborhood N of =x in !Xl] , a topologically
stratified space F = Fk.g kal = T E'FO and a stratum preserving

homeomorphism F X N = Iftwl(N) which commutes with the projection to

N .

See [GM] for more details,
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