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HI50R
• TOPOLOGY IS THE YOUNGEST BRANCH OF

MATHEMATICS → Riemann 1850s

Cf. ALGEBRA , GEOMETRY
Betti 1870s

ANALYSIS / LOGIC Poincare -1900

0 SINGULARITY THEORY WAS ONE

OF THE FIRST APPLICATIONS
OF DIFFERENTIAL

TOPOLOGY →Maxwell ,Morse ,Whitney ,
Thom ,

Mather

1850s 1920s 1950s 1960s 1970s

↳ f :M→N smooth mapping
{Arnold
1980s

study where
Df : TM→TN

is not full rank as well as

"normal forms
" of Dffp)
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CATASTROPHE THEORY

0FI¥E-I0N0FAPPL_ED TOPOLOGY

• ENDED IN DISGRACE by late 70s
-

→ Sussman {Zahler 1977 , Smale
1978

cf . ARNOLD's parody of an
application of WHITNEY 's

9
,

CUSP { F-OLD CLASSIFICATION

I •

, by ZEEMAN .

÷
; ÷ A- Achievement

i. •:
USP

"

T = Technical Proficiency
→

" FOLD
" E = Enthusiasm
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LESSONsp.FI?LpII#-USENUMBERS-
/C0LLEATA

D0STATIS?
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TOPOLOGICALDATA-ANtise.CAT#-RPHETHEorY-REDux?
☐ Uses COMPUTERS and tries to empower users

0 Incorporates METRIC
information

,
e.g. SCALE

-

PERSISTENCE

$W^ DIAGRAM

-•+-•+ -

BARCODE
WI •

% METR_⇒P UNPAIRED ✗REPRESENTATIDYNAMICA①REPRESENTATION
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INTERLEAVINUD-ISTANCE.no
GENERALIZATION OF

1-* m-os.com#*-su--a--

'

✗ =☐ → ✗E=

Y=o→Y=
-FIND E s.t. y axe

✗
Etr yote
t t

- t→n☐ - six - µj{m]- CHOOSE E
'

:=MAX(9,5)

E
'
-

we

☐FAIRY→ ✗
"
→ ie

'

{y¥i,iipim) Inclusion
of sets { their thickenings



CohenSteiner ,etal
"↳

÷÷i÷÷÷÷÷÷i÷:}
Here we view ✗ ,Y as functors from

g to subsetsofg.TK#nvv7oryT0P-top . spaces
{ inclusion

• Of course, applying Homology , provides a completely
analogous definition

dz(HnX,HnY ) = int s.t.gl/-uX-iHnXE-iHnXkYCHny-IysI*n.pe!
€nai×,HuYKd*HiY)Mf
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,

Y

qAH.H.i://H.HN
f g

Def : E-shift Felt)=F(1- +e)F :# → Top = f-'f-is,ttc]
t /→ f-

'

f-• it] NI . dz(F,G) = 11-1-gun
and Hn :Top→Vest {to :Top→set↳ :# → Top
are LIPSCHITZ .

t 1- g-
'

(→ 'ttms-dghhfyh.GR#ToF,ToG)--N--M~ummnh-
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COMPUTABILITY

ENEÉI is NP HARD to compute , but

I-LESNICKISISOMETRYTHM-idICHNF.HNG) =dB(HnF,HnG)
where dB=BOTTLENECK DIST , Which is computable

using the
HUNGARIAN AKGORITHM fg.to.

0EVEN MERGE TREE INTERLEAVING
4T¥
:}✓DISTANCE IS HARD -

MATCHING
0WOULD BE NICE TO LEVERAGE PROBLEM

k☒→
to → Ho MAP

,
BUT

EXPONENTIAL INVERSE PROBLEMS.^ T T
T, #Tz BUT HOT, EHoTz

←(F. or# ⇒ NONTRIVIAL FIBERS
• to • IT 0 T2 ( cf. CURRY

"

FIBER
" )



PRESENTATIONS M•b_p§
°rprojtÉo /✓Hon pro•?
• Elementary projectiles -
are

"born " in a single graded degree .

☐ By inserting
redundant generators } relations

we can find co-mpati-be.pe#tt--forMtgN
assuming Imm →t.IM zImN→1im→N

EI :M:=•→g,zE☐uµ☐Aµ, Ouse todefine
lpdist?

6
÷→

Fo

N
:=•°•% %

;÷ , f.in?LoBFai-siE.IFsjRs-•→
0 LN -_ [0,2-551-6,3]•Is ¥

,
# ] ⇒ dI=ÑÉ5+lY4Ñ
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PRESENTATIONS FOR MERGE TREES

OGENÉRALPHILOSPHYREÉAEOKERS W/ COEQUALIZERS
:-&

4.→⇒
M

2#-) ?•

0 PRESENTATION DISTANCE

Ñ=(M ,N) : -_ int { 114pm) - LCP~lllps.tn Pm }Pn compatible }
FAILS A-Ineoh BUT

"UNIVERSAL
" REPLACEMENT

DIPIM ,N ) :=inf{ÉddI(mi.M.nl/Mo--MMn--N }
1=0

0 WASSERSTEIN STABILITY (forMTS w/ Cardona / Lam/Lesnick)
dwp( HOM , HON) I dÉ(MIN ) also dwp(HnF,HnG)±d,=P/EG )

to ✓

INCLUDE IP PENALTIES Pers .mn- les BJERKVFK } LESNICK



COUNTEREXAMPLÉTOPHENETISTABIIYY
"123

LEAST COMMON
ANCESTOR

§ ⇒ ☐
I ? F)= Cm MATRIX:c: : :b o

,

o •a

°MUNCH } STEFAN04 47 : For ordered MTS w/ sane# leaf nodes

DICM /N) = 11cm -Cullis
° GASPAROVIC, MUNCH, OUDOT, TURNER , B.WANG' V.WANG

'

19Th :S :S the NP
dzlm,N)= iuf HCm-C~# part ?Ti:A-→ L L

• ALTHOUGH 11cm -Cwllp makes sense , it is unstable

1 g-
BOTH FILTRATION S

OF o_O-•
→ LP distance V2

to ! ¥
. 11£ :?)-[ '

of]Hz=B BUT 1/[0,9%0,0] - [0,9%1,1]/1
QIADRA-TT-cvs.LT#E-ARtf--T2

'



LEVELSE-STABILITY-lp.eu:st our catastrophe)
12123

g-
'

(Bely)) likely))

#BdÑ us ←¥ us É-o€, •

f f
tr g th

"
= -É÷É¥

y.FI ÷ytey.EE#te-..-z..-Et-EI-.EiCEo
t b b

ÉÉ→
Def- F : Open (E) → Top Flu)= f-

'(a) and FECU) = f-
'

(UE)

TtM_ : DIIHNF, HUG) } dziTuF,TnG) I Ilf
-

g.His



DYNAMICS ON BARCODES }IHEMOÉEHEAESHEÉ¥
-

• FOUR TYPES OF INDECOMPOSABLE
5 /BARCODES :

CLOSED , LEFT
CLOSED , RIGHT CLOSED , OPEN

M : [-] [-[
"
THICKENING

"

-3-3 ]-[

ME : ¥-12 ¥f{
DEPENDS 13-1] i ]→ ,

0N -e te
- E -E

ALGEBRA

• BUT THIS REPRESENTATION
REQUIRES SHEAVES

OTHERWISE YOU USE 2D BLOCKS I

0
⇐ H

,
feature pf f

'
"
'
. / born @ this scale

Fo /a ,b) := Hoff
-' (ais)) F

,
:=H

,
(f-' (ais))



14/23SHEAVES { COSHEAVES

TGEN-i-RF-FOP.nl/TP-D--D?--;A:YE-E?YSET or VECT

ARE CALLED PRE -SHEAVES cop)

OR PRE - COSHEAES (no op)

° IN ORDER TO ENSURE LOCAL DETERMINATION
"e. FLU) CAN BE ASSEMBLED FROM ANY COVER OF U

SHEAF AXIOM

U FÉÉU:)

88088888 went
Flail →Flu:p←Flu;)U={ Ui }

closed under Mrs
intersection

☐ THERE IS A PROCESS FOR FORCING T f R

t (co) SHEAFIFICATION ☒
THIS Ttluirrfu .gg/-FlUj)
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¥¥¥É÷ii¥¥¥¥÷÷÷÷÷⇒
Given f :X→ IRE the nth Lemay⇒ is

If✗ opt , then

of
" =R"f*fz✗ Wheutfh :S the

sheafif.cat#sTALK@xF0r-nsEnpkf0F'--H'H-"nil of FYU)=HYf-yup
=/ 0

sheaf on ✗ _+ BUT 71--01? Leroy Pre-Sheaf

° SHEAVES ARE UNSTABLE DEGREE
BY DEGREE

-9°
=] •-§

F
'

g
'l degrees

, Ifl
us 1%

o <→ too
-

• distance

( and GRADED ?) apart
0 BUT DERIVED

✓SHEAVES ARE STABLE

Rf*k✗:=f*S• where s•= sheet of singular cocking
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PRESERVINGLOCA.LI#
0 EASY TO SHIFT OR

"

SMOOTH
"

PRE- COSHEAVES Fnecx)

IIF) :=Fj(a) = Half
-YUE)) bit Fila )=1gÑn-FYBdx#

cover bye balls
uses "small

"
cover

/
but E isgetting bigger?

• HOW TO SMOOTH
IN"°←t0N net or VECT

"

Funfopencx),D) or culvert)i*
' '°stj pre- cosmic)

*n ?⃝SMOOTHING
COSHEAFIFICATFO} ENDO FUNCTOR

FE := -2*-1,2*7

⇐ E)
{
→ Ft
"

uses zx-Te-n.int/-iu+---ETeTeI*---itTzeixw
ADJOINT PAIR -2*+2

't



CATEGORIES W/ A FLOW

-
(I SOFA .

STEFANOa)
' ""

° IN GENERAL METRIC SPACES ,
THICKENING

HAS POOR PROPERTIES : GIVEN A c- (✗ id ) AE={y /DIA ,yKE}

THIS DEFINES AN ACTION T.PK)x[o ,
-) → pcx) BUT

To A- =/A } I. TEA =/AGE c- A"=TzeA

° deSILVA
,
MUNCH

,
and STEFANOU abstracted this

into a general framework using category theory
.



PULLT-w.tn?awGma?wsApEEoaI.=zFmL?#-cf.
"

1- RELATIVE
'""

° GIVEN A CATEGORY W/ A FLOW (D
,
⇒
THEORY

OF

AND AN ADJOINT PAIR FTG INTERLEAVING'S

(BUT THIS IS
f-if D①TE AMAJOR REWRITE)

FE:=GTeF i.→ G

WE HAVE AN INDUCED PULLBACK FLOW I

° MOREOVER , THIS
EQUIPS 6 { D WI THE STRUCTURE

OF LAWVERE METRIC
SPACES WHERE

↳⇒(MN )
=D (t*M,f*N)
(D, -1)

IS AN ISOMETRY ONTO ITS IMAGE n
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AP.%Ef.IE#I.ptI-oY:--:IIIoose+s
e-9 '

✗ ,

#11×2%0,41×3#gun
[+4×4]

↳
=P

Q= CLOSED #-) { Q Te Sto se

AND Q ✗
go
→ Q HAS A TRANSLATION

THEN (f☒,f* ) IS AN ADJOINT
PAIR

THAT ALLOWS US TO COMPUTE INTERLEAVING

OF MINE Fun (Q,VECT) WRT f :p→ Q

0 WE THINK OF f-
*
f☒M =

"PIXELIZATION OF M
"
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PT-xei-n-A-Y.I.IE?II.?I?.II?-,

OPIXELIZATION ACTUALLY BREAKS THE COSHEAF AXIOM

0 Cf. MUNCH /WANG or KASHIWARA} SCHAPIRA



21/23

INFERENCE RESULT f*M

¥ÉÉQ is a
"

SAM"PLING "

OF A POSET Q e.g. P-t.FR .ir?0Q--0PENl1-R-)
• THE d- INEQUALITY PROVIDES

"

INFERENCE
"

d (M,N ) I do,(M,f*f*M ) +d ( f*f*M,f☒f☒N)
+ d ( f☒f*N,N)
=
dpCf☒M,f*N)

INTRINSICDISTANCE B/W
SAMPLINGS

LEMMA_ : 1daLM,N) - dp(f*M,f☒N) / s do,(M,t*f*M)tdofNif☒f☒N
)

DE-F : f:P→Q is a 8- APPROX IFv-qc-QJ-ptpwlqtflp71-slop-HM-i.ITP } Q are LATTICES { t:P→Q is a 8- approx

that preserves JOINS THEN
WE CAN INFER

INTERLEAVING S UP TO A 2J TOLERANCE ?
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w÷¥÷÷÷÷¥I÷¥:¥÷⇒meariwas
TO A GRID ON LIE

° T~q THEN ONLY
"

JUMPS
"

AT DISCRETE
VALUES OF E

ADAPTED TO THE GRID SIZE

0 THIS INDUCES A
"

WEIGHTING
"

ON THE FACE

RELATION POSET (moveIDAL ENRICHMENT) THAT ALLOWS
US TO METRIZE CELLULAR SHEAVES } COSHEAVES



FUTURÉDIRECTIONS
23123

° THIS PROVIDES A
METRIC VERSION OF

MACPHERSON 'S OBSERVATION

CONSTRUCTIBLE
(CO)SHEAVES

=
REPRESENTATIONS
OF THE

(ENTRANCE ) EXIT

PATH CATEORY

←
PREVIEW OF FRIDAYS

TALK @

UF TDA 2022

AND MAKES IT EVEN MORE PERTINENT

TO MODERN APPLIED TOPOLOGY ?



THE,8¥


